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Non-perturbative effects in string/M-theory 

low-energy effective theories of M2-branes provide  
good laboratory to probe these effects via AdS/CFT. 

⊃Worldsheet, D-brane and membrane instantons 

In this talk, I will report 
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( k: CS level ) 
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⊃ 
(in 3d                language) ・ Vector multiplet 

・ 2 bi-fundamental chiral multiplets 
・ 2 anti-bi-fundamental chiral multiplets 

Effective theory = ABJ(M) theory: 

N N+M 
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U(N)k x U(N+M)-k  
ABJ theory 

[Giombi-Minwalla-Prakash-Trivedi-Wadia-Yin ’11,Chang-Minwalla-Sharma-Yin ’12   ] 

Another limit I don’t consider here: 

[Hirano-M.H.-Okuyama-Shigemori, to appear   ] 
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Worldsheet instanton: 

[ cf. Cagnazzo-Sorokin-Wulff ’09, Drukker-Marino-Putrov ’11] 

[ The figure is borrowed from  Hatsuda-Marino-Moriyama-Okuyama] 

AdS4 x 

D2-brane instanton: 

non-perturbative in the sense of  
genus expansion!! 

Membranane instantons 
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standard topological string refined topological string 
(in Nekrasov-Shatashvili limit) 

Main result 



Instanton effects from  
ABJ(M) partition function 
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In this representation, 

analysis is basically limited to perturbative expansion of λ=N/k. 
(inconvenient to study the instantons) 

SUSY Localization  
[Kapustin-Willett-Yaakov, Jafferis, Hama-Hosomichi-Lee] 

Standard matrix model technique is available to study genus expansion, 
which is convenient to study worldsheet instanton  
but not D2-instanton 
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ABJ(M) theory as a Fermi gas 

Ideal Fermi gas!! 

Switch to grand canonical formalism 

[Marino-Putrov, Okuyama, Awata-Hirano-Shigemori, M.H.] 

Localization + some explicit calculations lead us to 
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ABJ(M) Fermi gas as QM 
Quantum mechanical description: 

CS level k can be regarded as Planck constant: 

Semi-classical expansion 

Expansion in M-theory regime 

D2-instanton:                          appears perturbatively 

In this expansion, 

but not for worldsheet instanton: 
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Perturbative part 

Semi-classical analysis shows (C,B,A: independent of μ) 

need information only on 
leading and sub-leading 

need full order information 

This is true also for general            necklace quiver. 

[ Marino-Putrov] 

[cf. Analysis by  genus expansion:Fuji-Hirano-Moriyama,   
   Monte-Carlo: Hanada-M.H.-Honma-Nishirmura-Shiba-Yoshida]  
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One-loop test of AdS/CFT 

[ Bhattacharyya –Grassi-Marino-Sen ’12] 

classical SUGRA universal term coming from Airy 

The logarithmic term appears in 11d SUGRA on AdS4 x X7 at 1-loop. 

[Dabholkar-Drukker-Gomes] 

Airy function behavior also appears from localization of the SUGRA. 
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Now we have information on  

we will “guess” the form of the grand potential and 
test this “guess” by using the above information. 

To determine structures of non-perturbative effects completely, 

・genus expansion 
・small-k expansion 
・exact values for various specific (k,M,N) 

However, 

we have not obtained exact results for arbitrary (k,M,N) 
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Basic idea 

ABJ(M) matrix model 

Pure CS theory on S3/Z2  
(Lens space matrix model) 

Topological string on certain space (local P1 x P1 ) 

Analytic continuation 

Geometric transition 
[ cf. Gopakumar-Vafa ’98] 

[ cf. Marino-Putrov] 
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Problem on worldsheet instanton effect 

The WS-instanton part is divergent for physical integer k. 

However, 

For instance, 

[ Hatsuda-Moriyama-Okuyama, Matsumoto-Moriyama, M.H.-Okuyama] 

etc.. 

This divergence must be apparent and  
must cancel out if we include other sector: D2-instanton 

we know that the exact result is finite 
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This part is described by non-perturbative formulation of topological 
string: refined topological string in certain limit (Nekrasov-Shashvili 
limit) [ Nekrasov-Shatashvili] 



Test of our proposal 

M=1 

M=2 
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Resumming the 1/N-expansion in ABJM 
[Grassi-Marino-Zakany] 

[cf. Drukker-Marino-Putrov] 

asymptotic 

Can we resum the 1/N-expansion(=dual string perturbation series)? 

Yes, because this is Borel summable. 

Does the Borel resummation reproduce the exact results? 

Does resummed string perturbation series describe D2-instanton? 

No, Grassi-Marino-Zakany have found relevant differences. 

We should resum each string perturbation series 
around each D2-instanton background (to get full result). 
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Less SUSY theories [M.H.-Moriyama, Grassi-Marino,  
  Hatsuda-Okuyama, Moriyama-Nosaka] 

Is the pole cancelation common in general M2-brane theories? 

Yes, probably. 

Cancelation has been found also in some              M2-brane  
theories (=special cases of Gaiotto-Witten theory). 

Technical difficulties for less SUSY theories: 

1. Corresponding topological string is unknown. 

2. Except some special cases, density matrix of Fermi gas becomes complicated  
     (given by integral) 

3. For              , Fermi gas becomes interacting. 
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Outlook 
・ABJ theory in higher spin limit [Hirano-M.H.-Okuyama-Shigemori, to appear] 

・More general M2-brane theory [Hatsuda-M.H.-Okuyama, work in progress] 

・Other quantities 

Ex.) Vortex loop, Energy-momentum tensor correlator, super-Renyi entropy 

・Analysis on the gravity side 

Test many predictions. 

Probably, localization on the gravity side and string perturbation 
around instanton background would be useful. 

・Relation to Higgs branch localization formula 
[cf. Pasquetti, Fujitsuka-M.H.-Yoshida, Benini-Peelaers] 

Localization formula has another equivalent representation in terms of 
vortex partition functions for many 3d theories. 

Thanks! 


