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DWorldsheet, D-brane and membrane instantons

In this talk, | will report

low-energy effective theories of M2-branes provide
good laboratory to probe these effects via AdS/CFT.
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M2-branes w/ fractional M2-branes in certain space
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3d necklace quiver Chern-Simons matter theory
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Another limit | don’t consider here: - = fixed, M > 1

=) A\ = 6 Vasiliev theory on AdSy
[Giombi-Minwalla-Prakash-Trivedi-Wadia-Yin “11,Chang-Minwalla-Sharma-Yin '12 ]

\ [Hirano-M.H.-Okuyama-Shigemori, to appear ] _/
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[ The figure is borrowed from Hatsuda-Marino-Moriyama-Okuyamal

[ cf. Cagnazzo-Sorokin-Wulff ‘09, Drukker-Marino-Putrov '11]

Membranane instantons

RP* CD ©

CP!
D2-brane instanton: Worldsheet instanton:
3 2N2 1 1
exp {—TDQVOI(RP )] = exp [—w T] exp {— 271_Oé,Area(CP )] = exp [—27‘(‘\/5}

non-perturbative in the sense of
genus expansion!!
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Some generalizations:

" BPS Wilson IOOp [Grassi-Kallen-Marino, Hatsuda-M.H.-Moriyama-Okuyamal]

- LeSS SUSY theories [M.H.-Moriyama, Grassi-Marino, Hatsuda-Okuyama, Moriyama-Nosakal]



Main result

!0 3" Zagy(k, M; N)e,
N

J(p) = Jperturbative(ﬂ) ‘|‘JVVS—inst(ﬂ) ‘|‘JD2—inst(M) +Jmixed (r)

\/

standard topological string refined topological string
(in Nekrasov-Shatashvili limit)

0 o1 4dm
ZD2 1—inst:WS,m—inst = 9¢,m (k: M; G_N) Al [C 3(k) (N — B(k, M) + 2¢+ ?)]

ZD2,f—inst;WSm—inst _ —mlV2kN—2mm,/3Y
Zperturbative



Instanton effects from
ABJ(M) partition function
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In this representation,

analysis is basically limited to perturbative expansion of A=N/k.
(inconvenient to study the instantons)

SUSY Localization

[Kapustin-Willett-Yaakov, Jafferis, Hama-Hosomichi-Lee]

Zagy(wm) = (Finite dimentional integral)

Standard matrix model technique is available to study genus expansion,
which is convenient to study worldsheet instanton O(e_%m),
but not D2-instanton O (e~ TV2N*/Ay



ABJ(M) theory as a Fermi gas

[Marino-Putrov, Okuyama, Awata-Hirano-Shigemori, M.H.]

Localization + some explicit calculations lead us to
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ABJ(M) theory as a Fermi gas

[Marino-Putrov, Okuyama, Awata-Hirano-Shigemori, M.H.]

Localization + some explicit calculations lead us to

—

o d'n‘;r- _'n\'T
(N,N+M) y o :
Z k ,w E ] (Ark)N Hp(ya-.ya—{a})r Ideal Fermi gas!!
gESN a=1
\/L‘ . 1 M?'_l T + 2mis
Vir) = tanh —————.
P(»’L‘ y) cosh Ig_k . (x) E%Jr(_l)_.uﬁ—% SZE_L anh oTH]

' Switch to grand canonical formalism

=M ()= Y N ZWNHI (k) = Det [1+ ety]
N=0




ABJ(M) Fermi gas as QM

Quantum mechanical description:

N (A - 1 — S :
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In this expansion,

n: O(e—vr\/ 2kN

D2-instanto ) appears perturbatively

but not for worldsheet instanton: O(e_zw v 2N/k)



Simple derivation of N3/ law
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Simple derivation of N3/ law

[Marino-Putrov]

(N,N+M)
AN=R

log ZN N (1) = M (1) = N,

Classical Hamiltonian:

H (g, p) = log (2 cosh %)-i—log (2 cosh g)

(k) o /dﬂ eJ!gM)(U)_NPJ

‘N—M)o

[cf. M.H.-Okuyama, Drukker-Marino-Putrov,

Herzog-Klebanov-Pufu-Teseleanu

]

o (M)
a.J ( (
with k (1) = N.
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Simple derivation of N3/ law

[cf. M.H.-Okuyama, Drukker-Marino-Putrov,

Z(N,N—l—M) (k) — / d/_,l, eJ]gM) (H) _N/’l‘ Herzog-Klebanov-Pufu-Teseleanu ]

ABJ
‘ N — o0

[Marino-Putrov]
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Simple derivation of N3/ law

[cf. M.H.-Okuyama, Drukker-Marino-Putrov,
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Classical Hamiltonian:
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Classical grand potential: K \W
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Perturbative part

[cf. Analysis by genus expansion:Fuji-Hirano-Moriyama,
Monte-Carlo: Hanada-M.H.-Honma-Nishirmura-Shiba-Yoshida]
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Semi-classical analysis shows (C.B,A: independent of )
C .
J(p) = 3H + By + A + (instantons)
\ oo ;
v v

need information only on need full order information
leading and sub-leading

Il

Zoert(N) = /_Z " dp e3P BNt = oo1BAN [0 13N - B

100

This is true also for general A/ > 3 necklace quiver.
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A AT N LR 2 ]-
log ZUN M) (1) = _EG—WNS/? +C~Y2pN1/2 Tlog N +0(1).

classical SUGRA universal term coming from Airy

The logarithmic term appears in 11d SUGRA on AdS, x X, at 1-loop.

[ Bhattacharyya —Grassi-Marino-Sen ’12]



One-loop test of AdS/CFT

*ZP(.Q;EMJFM)(‘I“) 1,."3 14_&1[0 1/3 (j\f . B)]
' N >1
LD_:, Zé';hrth—k"rf}(k) (-.1—]_,:"2 \*SXE + o 1;’23\ 1/2 IDgf\'T + O(l)
cIaSS|caI SUGRA universal term coming from Airy

The logarithmic term appears in 11d SUGRA on AdS, x X, at 1-loop.

[ Bhattacharyya —Grassi-Marino-Sen ’12]

Airy function behavior also appears from localization of the SUGRA.

[Dabholkar-Drukker-Gomes]
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However,

we have not obtained exact results for arbitrary (k,M,N)

To determine structures of non-perturbative effects completely,

we will “guess” the form of the grand potential and
test this “guess” by using the above information.
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Basic idea

ABJ(M) matrix model

‘ Analytic continuation

Pure CS theory on S3/Z,
(Lens space matrix model)

Geometric transition
[ cf. Gopakumar-Vafa '98]

Topological string on certain space (local P! x P1)
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[ Hatsuda-Moriyama-Okuyama, Matsumoto-Moriyama, M.H.-Okuyama]

The WS-instanton part is divergent for physical integer k.

For instance,
f i

1
Sin2 27’ JWS,Q—iﬂSt - Sin2 4 _I_ sin2 21’ etc..
k k k

JWS, 1—inst =

However,
we know that the exact result is finite

4

This divergence must be apparent and
must cancel out if we include other sector: D2-instanton
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This part is described by non-perturbative formulation of topological
string: refined topological string in certain limit (Nekrasov-Shashvili
||m |t) [ Nekrasov-Shatashvili]

0 N 4m
ZDQ,E—inst;WS,m—inst — 9¢.m (ka M, 8—N> Ai [C 1/3 (N — B+ 20+ T)}

ZD2 ¢—inst:WS,m—inst N 6—w€V2kN—27rm %
Zpert




i©

r -, -,
[ o n - -
l4m, | |..-1': — £7-inst |

Test of our proposal

Vo
Zpu;::|'1 M=2
I[}—‘*{ k 4 ..--..-Illlll_-
[ — [ |
IU—lE B ] - - .
.
[ |
lﬂ_lﬁg' =
- o * .'.--'-.“lll
»
10~ 18 ° ",
a ‘-.,'
10-21y
' M=1
I'U_ELEF
5 10 15 20 25 30 35



Drastic simplification for N = 8 SUSY cases

[Codesido-Grassi-Marino]
Generally,

the ABJ(M) grand potential receives contributions
from all-genus of topological string free energy.



Drastic simplification for N = 8 SUSY cases

[Codesido-Grassi-Marino]
Generally,

the ABJ(M) grand potential receives contributions
from all-genus of topological string free energy.

However,

for (k,M)=(1,0), (2,0) and (2,1) (enhanced to A~/ = 8 SUSY),

the ABJ(M) grand potential after pole cancellation has
contributions only from genus-0 and genus-1 !!



Drastic simplification for N = 8 SUSY cases

[Codesido-Grassi-Marino]

Generally,
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from all-genus of topological string free energy.

However,

for (k,M)=(1,0), (2,0) and (2,1) (enhanced to A~/ = 8 SUSY),

the ABJ(M) grand potential after pole cancellation has
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Resumming the 1/N-expansion in ABJM

[Grassi-Marino-Zakany]

[cf. Drukker-Marino-Putrov]

FABJM|genus—g ~ (2g)! asymptotic

Can we resum the 1/N-expansion(=dual string perturbation series)?

—— Yes, because this is Borel summable.

Does the Borel resummation reproduce the exact results?

Does resummed string perturbation series describe D2-instanton?

—— No, Grassi-Marino-Zakany have found relevant differences.

We should resum each string perturbation series
around each D2-instanton background (to get full result).
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[Hatsuda-M.H.-Moriyama-Okuyama, Grassi-Kallen-Marino]

By localization + some explicit calculations,

(Generating function) = (Ideal Fermi gas)

The Wilson loop is described by the open topological string.
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Less SUSY theories s

Hatsuda-Okuyama, Moriyama-Nosaka]

Is the pole cancelation common in general M2-brane theories?

—— Yes, probably.

Cancelation has been found also in some N = 4 M2-brane
theories (=special cases of Gaiotto-Witten theory).

Technical difficulties for less SUSY theories:

1. Corresponding topological string is unknown.

2. Except some special cases, density matrix of Fermi gas becomes complicated
(given by integral)

3. For N =2 , Fermi gas becomes interacting.
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Summary
ABJ(M) partition function on sphere:

* Fermi gas formalism is powerful.

Semi-classical expansion = M-theory expansion

* Exact computation of the ABJ partition function for various (k,M,N)
*Non-perturbative structure from the refined topological string
* Drastic simplification for ' = 8 SUSY cases

*The 1/N-expansion in ABJM is Borel summable.
But the resummation deviates from the exact values.

Some generalizations:

*Half-BPS Wilson loop in ABJM is described by open topological string.

" Pole cancelation occurs also in some less SUSY theories.



Outlook

" ABJ th eo ry i n h igh e r S pi n | i m it [Hirano-M.H.-Okuyama-Shigemori, to appear]

" M O re ge n e ra I M 2- b ra n e t h eo ry [Hatsuda-M.H.-Okuyama, work in progress]

Other quantities

Ex.) Vortex loop, Energy-momentum tensor correlator, super-Renyi entropy

* Relation to Higgs branch localization formula

[cf. Pasquetti, Fujitsuka-M.H.-Yoshida, Benini-Peelaers]

Localization formula has another equivalent representation in terms of
vortex partition functions for many 3d theories.

 Analysis on the gravity side

Test many predictions.

Probably, localization on the gravity side and string perturbation
around instanton background would be useful.

Thanks!




