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Motivation

In plethora of quantum devices, mid-circuit measurement is becoming available on cloud 
quantum computers.
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Quantum systems evolve in time in one of two ways: through the Schrödinger equation or wave-
function collapse. So far, deterministic control of quantum many-body systems in the lab has focused
on the former, due to the probabilistic nature of measurements. This imposes serious limitations:
preparing long-range entangled states, for example, requires extensive circuit depth if restricted to
unitary dynamics. In this work, we use mid-circuit measurement and feed-forward to implement
deterministic non-unitary dynamics on Quantinuum’s H1 programmable ion-trap quantum com-
puter. Enabled by these capabilities, we demonstrate for the first time a constant-depth procedure
for creating a toric code ground state in real-time. In addition to reaching high stabilizer fidelities,
we create a non-Abelian defect whose presence is confirmed by transmuting anyons via braiding.
This work clears the way towards creating complex topological orders in the lab and exploring
deterministic non-unitary dynamics via measurement and feed-forward.

Long-range entangled quantum states are central to

di↵erent branches of modern physics. They appear as er-

ror correction codes in quantum information [1], emerge

as topologically ordered phases in condensed matter,

and play a role in lattice gauge theories of high energy

physics [2]. Quantum computers and simulators provide

new means of exploring such states and tackling their

open questions [3]. A number of quantum algorithms

have been designed for these devices, many of which can

be decomposed into two steps: a state preparation step

and a processing step, in which e.g., unitary dynamics

is applied [4, 5]. For short-range entangled states, the

adiabatic theorem guarantees an (approximate) encod-

ing circuit whose depth is independent of the system size.

In contrast, long-range entangled states require circuits

of extensive depth for their preparation [6] due to finite

Lieb-Robinson velocities, which bound the spread of cor-

relation in unitary dynamics [7]. This situation is prob-

lematic: coherence time is a precious resource for near-

term quantum computers and simulators and it should

not be exhausted during state preparation.

Fortunately, there is a loophole to these constraints

imposed by unitarity and locality. Introducing measure-

ment during state preparation violates the assumption

of unitarity, such that correlations can be generated in-

stantaneously across the whole system. However, since

measurements are random, deterministic state prepara-

tion requires conditional quantum gates to be applied

based on the outcome of the mid-circuit measurement—

a capability known as feed-forward. In e↵ect, measure-

ment allows one to push all the non-constant depth into

the classical channel, which is e↵ectively ‘free’ due to the

large speed of light and the comparably much larger cost

of quantum gates. The deterministic preparation of an

FIG. 1. Schematic representation of the the toric code
ground state from wavefunction collapse. We initialize
a system of trapped-ion qubits (encoded in hyperfine states of
171Yb+) in a product state where all stabilizers Bp = Z

⌦4 = 1
(blue) are satisfied. We measure Ap = X

⌦4 on every other
plaquette, randomly leading to Ap = 1 (gold) or Ap = �1
(black, denoting an e-anyon). We use feed-forward to pair
up and annihilate the e-anyons in real time, deterministically
producing a clean toric code wavefunction using a finite-depth
circuit and nonlocal classical processing.

excitation-free state is important for the quantum sim-

ulation of topologically ordered systems with non-error

corrected devices, but is also a common prerequisite for

quantum error correction protocols that realize univer-

sal gate sets [8]. Moreover, feedforward is indispensable

for the e�cient preparation of certain non-Abelian states
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Motivation
Entanglement + measurement

Today's lecture aims to explain some physics and their applications woven by measurements and 
quantum entanglement. I will approach this topic from the perspectives of measurement-based 
quantum computation and lattice gauge theory.

Condensed matter physics Quantum Information

Algorithms

Quantum 
communication

Non-unitarity

MIPT Quantum error 
correction

Open quantum 
systems Gauge theory

MBQC
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MBQC

Gate-based quantum circuit

Measurement pattern on the 2d cluster state 
(translationally invariant graph state).

 
Graph state  Stabilizer state⊂
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• Quantum simulation of lattice gauge theories 
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Stabilizer formalism
■ Pauli operators:

, ,  

 

X = (0 1
1 0) Z = (1 0

0 −1) Y = (0 −i
i 0 )

{X, Y} = {Y, Z} = {Z, X} = 0
X2 = Y2 = Z2 = I = − iXYZ

■ Operation on Z eigenbasis
   (phase-flip)

  (bit-flip)
  (bit-flip, phase-flip, and a phase)

Z |0⟩ = |0⟩ , Z |1⟩ = − |1⟩
X |0⟩ = |1⟩ , X |1⟩ = |0⟩
Y |0⟩ = i |1⟩ , Y |1⟩ = − i |0⟩

■ X eigenbasis

 ,     . | + ⟩ =
1

2
( |0⟩ + |1⟩) | − ⟩ =

1

2
( |0⟩ − |1⟩)
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Stabilizer formalism

■Qubit 

■Two-qubit state
|ψ⟩ = a |0⟩ + b |1⟩

|ψ⟩ = a |00⟩ + b |01⟩ + c |10⟩ + d |11⟩

■ n-qubit Pauli operators 

. 

 : n-qubit Pauli group

{±1, ± i} × P1 ⊗ P2 ⊗ ⋯Pn ∈ 𝒫n

Pj ∈ {I, X, Y, Z}
𝒫n

■ Example: 

We will also use a short hand notation such as   . 
−X ⊗ Z ⊗ Z

−X1Z2Z3
9



Stabilizer formalism

■ Clifford operators
Operators  that map a Pauli operator to another Pauli 
operator under conjugation. 

 .

U

UP1U† = P2 (P1, P2 ∈ 𝒫n)

■ Hadamard operator 

 .       

■ Phase operator 

 .      

H

H =
1

2 (1 1
1 −1) HZH = X , HXH = Z .

H |0⟩ = | + ⟩ , H |1⟩ = | − ⟩ .
S

S = (1 0
0 i) SXS† = Y .
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Stabilizer formalism

■ Controlled-NOT gate 

 : controlling qubit
 : target qubit

CX
CXc,t = |0⟩c⟨0 |c ⊗ It + |1⟩c⟨1 |c ⊗ Xt

c
t

■ Controlled-Z gate 

It is a phase gate. 
                  

Therefore, the roll of c and t is symmetric: 

CZ
CZc,t = |0⟩c⟨0 |c ⊗ It + |1⟩c⟨1 |c ⊗ Zt

|00⟩ → |00⟩ |01⟩ → |01⟩ |10⟩ → |10⟩ |11⟩ → − |11⟩

CZa,b = CZb,a
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Stabilizer formalism

■ Some algebra and mnemonic

A phase gate commutes with another phase gate.

 ‘triggers’ the operator  in the target qubit.

There’s also a set of algebra for the CNOT gate, but I’m not going to 
use it today. 

CZ(I ⊗ Z)CZ = I ⊗ Z

CZ(I ⊗ X)CZ = Z ⊗ X
X Z

12



Stabilizer formalism

■ Stabilizer group
   with  and  for all elements.𝒮 = {Sj} Sj ∈ 𝒫 [Sk, Sℓ] = 0

■ Generators of a stabilizer group

The maximal set of independent stabilizers.
 ⟨S̃k⟩

■ Examples:
⟨IX, ZI⟩ = {II, IX, ZI, ZX}

⟨XX, ZZ⟩ = {II, XX, ZZ, − YY}
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Stabilizer formalism

■ Stabilizer state
   for all . Sj |Ψ⟩ = |Ψ⟩ Sj ∈ 𝒮

■ It is a simultaneous eigenstate of commuting operators. 

■ Examples:

       Bell state    

       GHZ state    

Graph states, which we’ll define later, are also examples.

⟨XX, ZZ⟩ ⟶
1

2
( |00⟩ + |11⟩)

⟨XXX, ZZI, IZZ⟩ ⟶
1

2
( |000⟩ + |111⟩)
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Stabilizer formalism

■ A Clifford unitary or a Pauli measurement converts a stabilizer 
state to another stabilizer state. 

■ Let us start with Clifford unitaries. 

Given a stabilizer state , a new stabilizer for the state  

is  . 

 .

Since  and  is Clifford, the new stabilizer is also Pauli, 

 . 

Sj |Ψ⟩ = |Ψ⟩ U |Ψ⟩
USjU†

USjU†(U |Ψ⟩) = USj |Ψ⟩ = U |Ψ⟩

Sj ∈ 𝒫 U
USjU† ∈ 𝒫

15



Measurement in stabilizer states
■ Now let’s look at measurement of a Pauli operator  on stabilizer 

states. 

■ If  , then the measurement outcome is . The stabilizer doesn’t 
change. 

■ If , then we reconstruct stabilizers. First, we re-group generators as
 .

The measurement result of  ( ) is random. (Probability  each).

The new stabilizer is then 

P ∈ 𝒫

P ∈ 𝒮 P = + 1

P ∉ 𝒮
𝒮 = ⟨ S1, S2, . . . , Sk

anti-commute with P

, Sk+1, . . . , Sn

commute with P

⟩

P ±1
1
2

𝒮′￼ = ⟨±P, S1S2, . . . , S1Sk, Sk+1, . . . , Sn

commute with P

⟩

16



Measurement in stabilizer states

■ Example 1.

       GHZ state    

Measure the middle qubit in the  basis. Assume that the outcome is 
 

 Bell 

⟨XXX, ZZI, IZZ⟩ ⟶
1

2
( |000⟩ + |111⟩)

X
X2 = + 1.

⟨+X2, X1X2X3, (I1Z2Z3)(Z1Z2I3)⟩
≃ ⟨+X2, + X1X3, Z1Z3⟩

⟶ ⊗ | + ⟩
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Measurement in stabilizer states

■ Example 2.
       3-qubit cluster state (described later)

Measure the middle qubit in the  basis. Assume that the outcome is 
 

 Bell 

⟨ZXZ, XZI, IZX⟩ ⟶

X
X2 = + 1.

⟨+X2, Z1X2Z3, (I1Z2X3)(X1Z2I3)⟩
≃ ⟨+X2, + Z1Z3, X1X3⟩

⟶ ⊗ | + ⟩
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Measurement in stabilizer states

■ Example 3.
       3-qubit graph state (described later)

Measure the qubit-2 in the  basis. Assume that the outcome is  

 

⟨ZXZ, XZI, IZX⟩ ⟶

Z Z2 = + 1.

⟨+Z2, I1Z2X3, X1Z2I3⟩
≃ ⟨+Z2, X3, X1⟩

⟶ | + ⟩ ⊗ |0⟩ ⊗ | + ⟩

19



Universal quantum computation
■ Gottesman-Knill theorem
Stabilizer circuits 
 Inputs : Pauli product basis 
Circuit: Clifford gates or Pauli measurements

Stabilizer circuits can be efficiently simulated by classical computers.

■ Potentially classically hard circuit:
One can decompose an arbitrary -qubit gate to a product of universal gates.　

(It could be an exponential number of gates; efficiency not guaranteed.)

■ (single qubit) SU(2) gate CNOT  is a universal gate set. 
■ cf. Solovay-Kitaev theorem: SU(2) can be efficiently approximated by  
to arbitrary accuracy.

n

{ } ∪ { }
{H, eiπ/8}

20



MBQC

Universal quantum computation

Measurement on the 2d cluster state 
(translationally invariant graph state).

 
Graph state  Stabilizer state⊂

21
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Graph state

There is a class of states generated by these ingredients, which are called 

graph states.  [Hein et al. quant-ph/0602096]

• Graph = 

• : vertices   qubits  are placed

• : edges     is applied on   ( )

• Graph state  Stabilizer state

• Translationally invariant graph states are called cluster states.

{V, E}

V ↔ | + ⟩⊗V

E ↔ CZa,b ⟨ab⟩ ∈ E a, b ∈ V

⊂

a ∈ V

b ∈ V
⟨ab⟩ ∈ E

23



Graph state
■ In terms of state vectors,

■ In terms of stabilizers, 

where           

|ψ𝒞⟩ = ∏
⟨vv′￼⟩∈E

CZv,v′￼
| + ⟩⊗V

| + ⟩⊗V ⟷ {Xv v ∈ V }
|ψ𝒞⟩ ⟷ {Kv v ∈ V }
Kv = ( ∏

⟨vv′￼⟩∈E

CZv,v′￼) ⋅ Xv ⋅ ( ∏
⟨vv′￼⟩∈E

CZv,v′￼)
= Xv ∏

⟨vv′￼⟩∈E

Zv′￼

24



Graph state

1

2

3
4

5

6

K1 = X1Z2Z3Z4

K2 = X2Z1Z6

K4 = X3Z1Z4

etc.

25



Graph state
■ Z measurement

1 2 3

ZL R

1 3

L R

Stabilizers of the graph state: 

Recombine:

  

K1 = ∏
j∈L

Zj ⋅ X1 Z2 , K2 = Z1 X2 Z3 , K3 = Z2 X3 ⋅ ∏
j∈R

Zj

K1K2 = ∏
j∈L

Zj Y1 Y2 Z3 , K2K3 = Z1 Y2 Y3 ∏
j∈R

Zj

1 2 3

YL R

1 3

L R
S S

SX = Y

Stabilizers of the graph state: 

After the measurement:

K1 = ∏
j∈L

Zj ⋅ X1 Z2 , K2 = Z1 X2 Z3 , K3 = Z2 X3 ⋅ ∏
j∈R

Zj

K1 = ∏
j∈L

Zj ⋅ X1 (±1) , K3 = (±1) X3 ⋅ ∏
j∈R

Zj

±1 ±1

±1 ±1

■ Y measurement

26



Graph state
General rules:

ENTANGLEMENT IN GRAPH STATES AND ITS APPLICATIONS 21

the graph unchanged:

(41) τa : G !→ τa(G) := G + Na .

With this notation the following result can be stated [39, 60]:

Proposition 5 (LC-rule). By local complementation of a graph G at some vertex a ∈ V one
obtains an LC-equivalent graph state |τa(G)〉:

(42) |τa(G)〉 = U τ
a (G) |G〉 ,

where

(43) U τ
a (G) = e−i π

4 σ
a
xei π

4 σ
Na
z ∝

√

Ka

is a local Clifford unitary. Furthermore, two graph states |G〉 and |G′〉 are LC-equivalent iff the
corresponding graphs are related by a sequence of local complementations, i.e. G′ = τa1 ◦ . . . ◦
τan(G) for some a1, . . . , an ∈ V .

2

3

4

1

2

3

4

1

2

3

4

1

2

3

4

1

2

3

4

1

2

3

4

1

2

3

4

1

2

3

4

1

2

3

4

1

2

3

4

1

2

3

4

1

No. 1 No. 2 No. 3 No. 4

No. 5 No. 6 No. 7 No. 8

No. 9 No. 10 No. 11
Apply LC−Rule

Fig. 4. – An example for a successive applica-
tion of the LC-rule, which exhibits the whole
equivalence class associated with graph No. 1.
The rule is successively applied to the vertex,
which is colored red in the figure.

Fig. 4 depicts an example for such a successive
application of the LC-rule. Starting with the first
graph the complete orbit can be obtained by ap-
plying the LC-rule to the vertices in the preceding
graph that appear above the arrow of the following
diagram:

No. 1
3−−−−→ No. 2

2−−−−→ No. 3
3−−−−→

No. 4
1−−−−→ No. 5

3−−−−→ No. 6
1−−−−→

No. 7
3−−−−→ No. 8

4−−−−→ No. 9
1−−−−→

No. 10
2−−−−→ No. 11

Proof of Proposition 5:
Let G be a graph with correlation operators Kb

and G′ = τa(G) the corresponding graph under
local complementation at vertex a with correlation operators K ′

b. For c ∈ V \ Na we find

(44) U τ
a Kc(U

τ
a )† = Kc = K ′

c .

For b ∈ Na, we compute

U τ
a Kb (U τ

a )† = (−iσa
x)

(

iσb
z

)

σb
x σa

zσ
Nb\a
z

= σa
x σ

Na
z · σb

x σ
Nb+Na
z

= K ′
a · K ′

b .

Local complementation τa(G)

   : local complementation of  in .
         : any choice from  

 : outcome dependent ops. 

We will use X measurement in part II, but we won’t use the rule above.

Pv
z,± |G⟩ =

1

2
|z, ± ⟩v ⊗ Uv

z,± |G − v⟩

Pv
y,± |G⟩ =

1

2
|y, ± ⟩v ⊗ Uv

y,± |τa(G) − v⟩

Pv
x,± |G⟩ =

1

2
|x, ± ⟩v ⊗ Uv

x,± |τb0
(τa ∘ τb0

(G) − v)⟩

τa(G) a G
b0 Nb(a)

Ua
x,y,z,± {Z, S, H}

See e.g. [Hein et al. quant-ph/0602096]
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Gate teleportation

1-qubit state

|ψ⟩

29



Gate teleportation

|ψ⟩ | + ⟩ | + ⟩ | + ⟩ | + ⟩ | + ⟩ | + ⟩ | + ⟩ | + ⟩ | + ⟩

30



Gate teleportation

|ψ⟩ 1d cluster state

CZ gate

31



Gate teleportation

|ψ⟩

Measurement

32



Gate teleportation

X#Z# ⋅ U1 |ψ⟩

33



Gate teleportation

X#Z# ⋅ U1 |ψ⟩

Feedforward

34



Gate teleportation

X#Z# ⋅ U2U1 |ψ⟩
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Gate teleportation

Feedforward

X#Z# ⋅ U2U1 |ψ⟩
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Gate teleportation

X#Z# ⋅ U3U2U1 |ψ⟩
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Gate teleportation

Simulated state

Post-measurement product state

X#Z# ⋅ UN⋯U2U1 |ψ⟩

38



Gate teleportation

Simulated state
(Post-processing)

Post-measurement product state

UN⋯U2U1 |ψ⟩

39



Gate teleportation

|ψ⟩

| + ⟩

CZ
s = 0,1

HZse−iξZ |ψ⟩

ℳ = {eiξZ | + ⟩, eiξZ | − ⟩} = {ZseiξZ | + ⟩ | s = 0,1}

This can be shown with simple algebras:

⟨ + |1 e−iξZ1Zs
1 × (CZ1,2 |ψ⟩1 | + ⟩2)

= ⟨ + |1 CZ1,2e−iξZ1Zs
1 |ψ⟩1 | + ⟩2

∼ ⟨0 |1 e−iξZ1Zs
1 |ψ⟩1 | + ⟩2 + ⟨1 |1 e−iξZ1Zs

1 |ψ⟩1Z2 | + ⟩2

= | + ⟩2⟨0 |1 e−iξZ1Zs
1 |ψ⟩1 + | − ⟩2⟨1 |1 e−iξZ1Zs

1 |ψ⟩1

= | + ⟩2⟨ + |1 H1e−iξZ1Zs
1 |ψ⟩1 + | − ⟩2⟨ − |1 H1e−iξZ1Zs

1 |ψ⟩1

= H2e−iξZ2Zs
2 |ψ⟩2

Inner product

[CZ, Z] = 0

CZ1,2 = |0⟩1⟨0 |1 ⊗ I2 + |1⟩1⟨1 |1 ⊗ Z2

Z | + ⟩ = | − ⟩

 and H | + ⟩ = |0⟩ H | − ⟩ = |1⟩

40



Gate teleportation

|ψ⟩

| + ⟩

s1 = 0,1

s2 = 0,1

s3 = 0,1| + ⟩

| + ⟩

The outcome state is applied by a cascade of unitary gates:

Using  and , we get

 .

If we set ,   ,  , 

, the output state becomes 

(HZs4e−iξ4Z)(HZs3e−iξ3Z)(HZs2e−iξ2Z)(HZs1e−iξ1Z) |ψ⟩

HZH = X XZ = − ZX

(Xs4e−iξ4X)(Zs3e−iξ3Z)(Xs2e−iξ2X)(Zs1e−iξ1Z) |ψ⟩

= Xs4+s2Zs3+s1e−iξ4(−1)s1+s3Xe−iξ3(−1)s2Ze−iξ2(−1)s1Xe−iξ1Z |ψ⟩

ξ1 = 0 ξ2 = (−1)s1γ ξ3 = (−1)s2β

ξ4 = (−1)s1+s3α

Xs4+s2Zs3+s1e−iαXe−iβZe−iγX |ψ⟩

s4 = 0,1

| + ⟩

41
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2d cluster state on square lattice is universal

From a square-lattice graph state to a brickwork graph state.

Z measurement

Y measurement

43



CNOT gate by measuring the brickwork graph state.

Measurement basis:  . {eiξZ | + ⟩, eiξZ | − ⟩}

0 β0 0

γ0 0 α

CX
1 2 3 4 5

6 7 8 9 10

The state at 5 & 10 ( ) gets the following unitary

It is equal to (a good exercise to check):

ℋ5 ⊗ ℋ10

CZ (HZs4 ⊗ HeiαZZs9) (HeiβZZs3 ⊗ HZs8)
× CZ (HZs2 ⊗ HeiγZZs7) (HZs1 ⊗ HZs6)

CZ (Xs4 ⊗ eiαXXs9) (eiβZZs3 ⊗ Zs8)
× CZ (Xs2 ⊗ eiγXXs7) (Zs1 ⊗ Zs6)

= ± (Xs2+s4Zs1+s3+s9 ⊗ Xs7+s9Zs4+s6+s8)
× exp[i(−1)s2βZ ⊗ I]exp[i(−1)s2+s6+s8αZ ⊗ X]
× exp[i(−1)s6γI ⊗ X]

Setting the parameters as ,  , , we obtain 

 . 

α = (−1)s2+s6+s8 ×
−π
4

β = (−1)s2 ×
π
4

γ = (−1)s6 ×
π
4

exp[ −iπ
4

(I − Z5)(I − X10)] = CX5,10

2d cluster state on square lattice is universal
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SU(2) rotation by measuring the brickwork graph state.

Measurement basis:  . {eiξZ | + ⟩, eiξZ | − ⟩} Similarly, the measurement pattern in the left 
figure gives us the Euler rotation.

Cleaning up the above expression gives us 

up to byproduct operators.

CZ (HZs4 ⊗ HZs9) (HZs3eiγZ ⊗ HZs8eiγ′￼Z)CZ
× (HZs2eiβZ ⊗ HZs7eiβ′￼Z) (HeiαZZs1 ⊗ HZs6eiα′￼Z)

R(α, β, γ) ⊗ R(α′￼, β′￼, γ′￼)

α β γ 0

α′￼ β′￼ γ′￼ 0

R(α, β, γ)

R(α′￼, β′￼, γ′￼)

1 2 3 4 5

6 7 8 9 10

Therefore, the brickwork state is a universal resource of MBQC. 

Cf. This state also has an application in “blind quantum computation” [Broadbent et al. quant-ph/0807.4154]

2d cluster state on square lattice is universal
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Indeed, a graph states on any 2d regular lattice can be converted to the square-lattice graph 

state by measurement.

3

Note that entanglement width is invariant under lo-
cal unitary operations and that it vanishes on complete
product states. Furthermore, it is non-increasing under
LOCC operations. To see this, let |ψ〉 be anm-qubit state
which is convertible by LOCC into another m-qubit state
|ψ′〉. We show that Ewd(|ψ〉) ≥ Ewd(|ψ′〉). Let T0 be a
subcubic tree such that αT0

(|ψ〉) = Ewd(|ψ〉) and let e0
by an edge of T0 such that EA

e0
T0

(|ψ′〉) = αT0
(|ψ′〉). We

then have

Ewd(|ψ〉) = αT0
(|ψ〉) ≥ EA

e0
T0

(|ψ〉)

≥ EA
e0

T0

(|ψ′〉) = αT0
(|ψ′〉) ≥ Ewd(|ψ′〉). (2)

Using this result, we will show that entanglement width
satisfies property (P1). Let |ψ〉 and |φ〉 be states on m
and n qubits (m ≥ n) respectively, such that |ψ〉 ≥LOCC

|φ〉. Equivalently, |ψ〉 can be converted into |φ〉|+〉m−n by
means of LOCC and thus Ewd(|ψ〉) ≥ Ewd(|φ〉|+〉m−n).
As the states |φ〉|+〉m−n and |φ〉 have equal entanglement
width, one finds that Ewd(|ψ〉) ≥ Ewd(|φ〉).
Regarding (P2), we show that Ewd(|Ck×k〉) ≥ log2(k+

2)−1 using a graph invariant called clique width cwd(G),
since cwd(Ck×k) = k + 1 if k ≥ 3 [14] and rwd ≥
log2(cwd+1)− 1 [13]. Thus, Ewd(|Ck×k〉) diverges when
k tends to infinity. This leads to the following result.
Theorem 1: Any universal resource for MQC must

have an unbounded entanglement width.
This result allows us to rule out several classes of

graph states as being non–universal resources, namely all
classes having a bounded rank width. The list of non–
universal graph states includes (the reader is referred
to the literature for definitions) cycle graphs, cographs,
graphs locally equivalent to trees, graphs of bounded
tree width, graphs of bounded clique width or distance–
hereditary graphs. In particular, 1D cluster states |Ck〉
are not universal, since Ewd(|Ck〉) = 1 for every k [15].
More generally, all graph states with bounded tree width
twd(G) are not universal [16], which follows from the in-
equality Ewd(|G〉) ≤ 4 · 2twd(G)−1 + 1 [17]. This also
implies that the family of GHZ states (which correspond
to tree graphs) is not a universal resource. These results
support recent findings that any one–way computation
performed on 1D cluster states or graph states with small
tree width can efficiently be simulated on a classical com-
puter [9].
As a second example of a measure satisfying (P1) and

(P2), consider the localizable entanglement EL
ab(|ψ〉) (of

an arbitrary state |ψ〉) between pairs of qubits a and b
measured by the concurrence [19]. This quantity is an
entanglement monotone for 2 × 2 × l systems [20] and
also fulfills property (P1). As EL

ab(|Ck×k〉) = 1 for ev-
ery pair of qubits a and b, deterministic generation of
cluster states by means of LOCC requires as a neces-
sary (but by no means sufficient) condition that there
exists at least one pair of qubits in the system having
unit localizable entanglement. This simple condition al-

ready identifies numerous non–universal resources, such
as e.g. the family of W–states. A stronger condition can
be obtained by considering the maximal size NLE(|ψ〉)
of a subset of qubits in the system in which all pairs of
qubits have unit localizable entanglement. As NLE(|ψ〉)
fulfills (P1) and NLE(|Ck×k〉) = k2, it follows that the
measure NLE(|ψ〉) must grow unboundedly on any uni-
versal resource. In particular, this implies that any class
of states associated with some geometry for which the
localizable entanglement EL

ab exhibits a decay with the
distance ‖xa − xb‖, cannot be universal resource. E.g.,
ground states of strongly correlated spin systems on any
type of lattice where the above decay of EL

ab is observed,
are not universal. Notice that even a diverging entangle-
ment length is not sufficient to guarantee universality.
Examples of universal resources.— We now turn

to the second main part of our analysis, where we ob-
tain examples of families of states which are universal
resources. In particular, we show
Theorem 2: The graph states corresponding to the

hexagonal, triangular and Kagome lattices are universal.
The proof is given in Fig. 1. We remark that other

universal resource states have been presented [8] based
on non-uniform lattice structures (see also [21]), where
each gate in a universal set of unitary gates can be imple-
mented by local measurements on an elementary unit and
these units are combined (bottom-up approach). Here we
use a different approach, where we prove universality by
explicitly constructing LOCC protocols that yield the 2D
cluster state (top–down approach). The proofs are based
on successive applications of simple rules how to update a
graph when applying certain local operations on the cor-

(a) (b)

(c)

3 21

(d)

FIG. 1: Graph states corresponding to (a) hexagonal, (b)
triangular and (c) Kagome lattices are universal for MQC.
LOCC transformation from (a) to (d) (2D cluster) via (b) and
(c) is indicated, where simple graph rules can be used (σy and
σz measurements are displayed by ! and ♦, respectively).

[Van den Nest et al. quant-ph/0604010]

Y measurement

Z measurement

2d cluster state on square lattice is universal
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MBQC (measurement-based quantum computation)

(Universal) quantum computation can be achieved by 
(1) preparing a resource state
(2) measuring the resource state in a certain adaptive pattern.
(3) post-processing (unwanted) byproduct operators 

Review article: e.g. [T.-C. Wei (2023)]
[Raussendorf-Briegel (2001)]

MBQC

What we have just shown is a simple example of MBQC. 
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MPS representation of the 1d graph state (also called the 1d cluster 
state)

MBQC in edge modes of 1d resource state

…

A[a1]A[a2]A[an−1]A[an]⟨L | |R⟩

|ψ𝒞⟩ = ∑
{ak}k=1,...,n

⟨L |A[an]A[an−1]⋯A[a2]A[a1] |R⟩ × |a1, a2, . . . ⟩⟩
Physical qubitsVirtual space

A[a]
0| + ⟩ ⟨0 |

1| − ⟩ ⟨1 |

⟨L | = ⟨0 |

   or an arbitrary edge state |R⟩ = | + ⟩ |ϕ⟩
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Measure the 1st qubit in the X basis:  
1

2 ( |0⟩ + (−1)s |1⟩)

MBQC in edge modes of 1d resource state

…

A[a2]A[an−1]A[an]⟨L | |R⟩

∑
{ak}k=2,...,n

⟨L |A[an]A[an−1]⋯A[a2](A[0] + (−1)sA[1]) |R⟩ × |s⟩⟩(X)
1 |a2, . . . ⟩⟩

A[a]
0| + ⟩ ⟨0 |

1| − ⟩ ⟨1 |

⟨L | = ⟨0 |

   or an arbitrary edge state |R⟩ = | + ⟩ |ϕ⟩

+/−

HZs |R⟩ = |R1⟩
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Measure the 2nd qubit in the X basis:  
1

2 ( |0⟩ + (−1)s |1⟩)

MBQC in edge modes of 1d resource state

…

A[an−1]A[an]⟨L | |R⟩

∑
{ak}k=2,...,n

⟨L |A[an]A[an−1]⋯(A[0] + (−1)sA[1]) |R1⟩ × |s⟩⟩(X)
1 |s⟩⟩(X)

2 | . . . ⟩⟩

A[a]
0| + ⟩ ⟨0 |

1| − ⟩ ⟨1 |

⟨L | = ⟨0 |

   or an arbitrary edge state |R⟩ = | + ⟩ |ϕ⟩

+/−

HZs |R1⟩ = |R2⟩

+/−
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Measure the 1st qubit in the X basis:  
1

2 (eiθ |0⟩ + (−1)se−iθ |1⟩)

MBQC in edge modes of 1d resource state

…

A[a2]A[an−1]A[an]⟨L | |R⟩

∑
{ak}k=2,...,n

⟨L |A[an]A[an−1]⋯A[a2](e−iθA[0] + (−1)seiθA[1]) |R⟩ × |s⟩⟩(X)
1 |a2, . . . ⟩⟩

A[a]
0| + ⟩ ⟨0 |

1| − ⟩ ⟨1 |

⟨L | = ⟨0 |

   or an arbitrary edge state |R⟩ = | + ⟩ |ϕ⟩

+/−

HZse−iθZ |R⟩ = |R1⟩
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We have unitary gates acting on the virtual space Uk ∈ {HZe−iθkZ}

MBQC in edge modes of 1d resource state

⟨L |UnUn−1⋯U2U1 |R⟩ × |s1⟩⟩(X)
1 |s2⟩⟩(X)

2 ⋯

⟨L | = ⟨0 |  |R⟩ = |ϕ⟩…

⟨L | |R⟩

+/−+/−+/−+/−

In the virtual space, we get quantum gates that generates  rotations on 
an “initial state” ,  

Once we measure all the physical qubits, we observe the probability 
distribution of projecting the virtual state to . 

SU(2)
|ϕ⟩

UnUn−1⋯U2U1 |R⟩

|L⟩
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Edge modes seem to play an important role in MBQC. [Gross-Eisert (2006)]

Indeed, resource states for the universal MBQC found so far belong to some SPT 
phases, states in which admit degenerate boundary modes. 

E.g. AKLT state, cluster states in 1d/2d. 

Some works have even proved that the universal MBQC is possible with states in 
the entire SPT phase. E.g. 2d cluster phase (protected by rigid line symmetries.) 
[Raussendorf-Okay-Wang-Stephen-Nautrup 2018]

MBQC in edge modes of 1d resource state
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Plan
Part I: Quantum computation by measurement

• Stabilizer formalism

• Graph state

• Gate teleportation

• Universal quantum computation on graph states 

Part II: Measurement-based quantum computation and lattice gauge theory

• Measurement as a shortcut to topological orders

•  lattice gauge theory

• Quantum simulation of lattice gauge theories 

ℤ2
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■ Kitaev’s toric code 
■ Described by a Hamiltonian

■  .
■ # edges =  
■ # plaquettes =  
■ # vertices =  
■ On a torus, stabilizers are not completely independent:

The ground state is degenerate, and the degeneracy 
depends on the background topology.  

→ Topological order. 

HTC = − ∑
v

Av − ∑
p

Bp

Av |gs⟩ = Bp |gs⟩ = |gs⟩
2 |V |

|V |
|V |

∏
p∈P

Bp = 1 , ∏
v∈V

Av = 1 .

Toric code

Z Z
Z

Z
Bp

X
X X

X
Av

plaquette term

star term
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■ Bravyi-Hastings-Verstraete (2006) showed that ground states with a topological 
order cannot be prepared by any local time-dependent Hamiltonian evolution from 
any product state within a finite time.  

■ Finite-time (finite depth of quantum circuits) :  with respect to the system size.
■ In condensed matter physics, this is used to classify different topological orders of 

gapped quantum systems. → Long-range entanglement

Gapped ground states with different topological orders cannot be connected by 
finite-depth local unitary transformations.

𝒪(1)

Long-range entanglement

56

■ The toric code state is a long-range entangled state.



■ When a system is not long-range entangled, it is said to be short-range entangled.
■ Are short-range entangled states uninteresting? 
■ There are states that cannot be obtained by finite-depth local symmetry-preserving 

unitary transformations.
■ They are called Symmetry-Protected Topological order states.

SPT-ordered states cannot be prepared from a product state by finite-depth 
symmetry-preserving local unitary transformations.

Short-range entanglement

■ Note, however, that if you wish to prepare an SPT ordered state, you can simply 
construct a finite-depth local unitary circuit without symmetries. 

■ Cluster states are short-range entangled states.
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■ 1d cluster state is an SPT protected by  ℤ2[0] × ℤ2[0]

Short-range entanglement

   

, thus we cannot use  as a symmetry-preserving 

local unitary to bring it down to the trivial product state. 

1 = ∏
j∈ℤ

K2j = ∏
j∈ℤ

Z2j−1X2jZ2j+1 = ∏
j∈ℤ

X2j

1 = ∏
j∈ℤ

K2j+1 = ∏
j∈ℤ

Z2jX2j+1Z2j+2 = ∏
j∈ℤ

X2j+1

[CZ, ∏
even

X] ≠ 0, [CZ, ∏
odd

X] ≠ 0 CZ

X X X X

X X X X X
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Short-range entanglement

■ 2d cluster state protected by    
e.g. [Yoshida (2016)] [HS-Okuda (2022)] [Verresen-Borla-Vishwanath-Moroz-Thorngren (2022)] 

ℤ2[0] × ℤ2[1]

Z
ZZ X

Z

Z X Z

     :    

     :    

Note some similarity with the toric code, although they 
are in different phases:

1 = ∏
v

Kv = ∏
v

Xv ℤ2[0]

1 = ∏
e∈γ

Ke = ∏
e∈γ

Xe ℤ2[1]γ

Z
ZZ X

Z
= 1

Stabilizer 

X
X

X
X = 1

1-form symmetry
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■ Cluster-state (graph-state) entangler only produces short-range entanglement. 
■ This is because the CZ gates are mutually commutative. So one can apply the 

entangler at once, i.e., the depth is 1. 
■ First, I’m going to explain:

Measurement as a shortcut to topological orders

■ The toric code cannot be prepared with finite-depth local unitaries from a product 
state.

■ One obvious loophole is to use non-unitary operations. → Measurement？

Product state cluster state toric code post-measurement 
state 

CZ
Feedforwarded 
Pauli ops. 

SRESRE LRE
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Measurement as a shortcut to topological orders

Product state cluster state toric code post-measurement 
state 

CZ
Feedforwarded 
Pauli ops. 

Z

Z
ZZ X

X
Z

Z

■ Cluster state on the Lieb lattice
■ Qubits are placed on edges and vertices
■ Apply ’s to nearest-neighbor qubits.
* edge and vertex in the sense of the lattice, not a graph

 ,  

■ There is a global symmetry in this cluster state.

CZ

Ke = Xe∏
v∈e

Zv Kv = Xv∏
e⊃v

Ze

∏
v

Kv |ψ𝒞⟩ = ∏
v

Xv |ψ𝒞⟩ = |ψ𝒞⟩ .
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Measurement as a shortcut to topological orders

Product state cluster state toric code post-measurement 
state 

CZ
Feedforwarded 
Pauli ops. 

Z

Z
ZZ X

X

■ Measure vertex qubits in the  basis.

New stabilizers:

The last one is the product of  stabilizers around a 
plaquette . 
(  anti-commutes with , but  commutes.)

It’s not quite the ground state of the toric code…

X

±Xv , ± ∏
e⊃v

Ze , ∏
e⊂p

Xe

Ke
p

Ke Xv ∏
e⊂p

XeX
X

X

(±1) ×
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Measurement as a shortcut to topological orders

Product state cluster state toric code post-measurement 
state 

CZ
Feedforwarded 
Pauli ops. 

■ The global symmetry constraints the measurement 
outcomes: . 

This means that there are always an even number of  
outcomes! 

■ This implies that the outcome state is the toric code 
ground state with string operators that pair up  
outcomes. (Next slide)

xv = ± 1

∏
v

xv |ψ𝒞⟩ = |ψ𝒞⟩ .

−1

−1

Z

Z
ZZ

(±1) ×

Z

Z
ZZ

(±1) ×
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Measurement as a shortcut to topological orders

Product state cluster state toric code post-measurement 
state 

CZ
Feedforwarded 
Pauli ops. 

Z

Z
ZZ

Z

Z
ZZ

X

X

X

X X

X

■ Left figure: 

The outcome state can be written as
 

Indeed, at the endpoints of the string, Z stabilizers 
are flipped. 

The shape of the path doesn’t matter, as the  
stabilizer can deform strings.

( ∏
e∈string

Xe) |gs⟩

X
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Measurement as a shortcut to topological orders

Product state cluster state toric code post-measurement 
state 

CZ
Feedforwarded 
Pauli ops. 

Z

Z
ZZ

X

■ One can counter the randomness by applying Pauli 
X operators. 

■ Fin.

( ∏
e∈strings

Xe) |out⟩ = |gs⟩

X
X

X
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Measurement as a shortcut to topological orders

 |Ψsym⟩V ⊗ | + ⟩⊗E SPT Topological 
order

post-measurement 
state 

CZ

Feedforwarded 
Pauli ops. 

The technique can be generalized for any  (and some other discrete groups) 
symmetric state. [Tantivasadakarn-Thorngren-Vishwanath-Verresen (2021)] [Lu-Lessa-Kim-Hsieh (2022)] etc.

ℤ2

The operations in total yields measurement-based Kramers-Wannier-Wegner 
transformation

As we’ll see, the toric code is an example and a special limit of lattice gauge theories.

 can be seen as a space-like interface between two dual theories. 

𝖪𝖶 = ⟨ + |V
∏CZe,v | + ⟩E

Hgauge theory 𝖪𝖶 = 𝖪𝖶 HIsing
𝖪𝖶
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Measurement as a shortcut to topological orders
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Quantum systems evolve in time in one of two ways: through the Schrödinger equation or wave-
function collapse. So far, deterministic control of quantum many-body systems in the lab has focused
on the former, due to the probabilistic nature of measurements. This imposes serious limitations:
preparing long-range entangled states, for example, requires extensive circuit depth if restricted to
unitary dynamics. In this work, we use mid-circuit measurement and feed-forward to implement
deterministic non-unitary dynamics on Quantinuum’s H1 programmable ion-trap quantum com-
puter. Enabled by these capabilities, we demonstrate for the first time a constant-depth procedure
for creating a toric code ground state in real-time. In addition to reaching high stabilizer fidelities,
we create a non-Abelian defect whose presence is confirmed by transmuting anyons via braiding.
This work clears the way towards creating complex topological orders in the lab and exploring
deterministic non-unitary dynamics via measurement and feed-forward.

Long-range entangled quantum states are central to

di↵erent branches of modern physics. They appear as er-

ror correction codes in quantum information [1], emerge

as topologically ordered phases in condensed matter,

and play a role in lattice gauge theories of high energy

physics [2]. Quantum computers and simulators provide

new means of exploring such states and tackling their

open questions [3]. A number of quantum algorithms

have been designed for these devices, many of which can

be decomposed into two steps: a state preparation step

and a processing step, in which e.g., unitary dynamics

is applied [4, 5]. For short-range entangled states, the

adiabatic theorem guarantees an (approximate) encod-

ing circuit whose depth is independent of the system size.

In contrast, long-range entangled states require circuits

of extensive depth for their preparation [6] due to finite

Lieb-Robinson velocities, which bound the spread of cor-

relation in unitary dynamics [7]. This situation is prob-

lematic: coherence time is a precious resource for near-

term quantum computers and simulators and it should

not be exhausted during state preparation.

Fortunately, there is a loophole to these constraints

imposed by unitarity and locality. Introducing measure-

ment during state preparation violates the assumption

of unitarity, such that correlations can be generated in-

stantaneously across the whole system. However, since

measurements are random, deterministic state prepara-

tion requires conditional quantum gates to be applied

based on the outcome of the mid-circuit measurement—

a capability known as feed-forward. In e↵ect, measure-

ment allows one to push all the non-constant depth into

the classical channel, which is e↵ectively ‘free’ due to the

large speed of light and the comparably much larger cost

of quantum gates. The deterministic preparation of an

FIG. 1. Schematic representation of the the toric code
ground state from wavefunction collapse. We initialize
a system of trapped-ion qubits (encoded in hyperfine states of
171Yb+) in a product state where all stabilizers Bp = Z

⌦4 = 1
(blue) are satisfied. We measure Ap = X

⌦4 on every other
plaquette, randomly leading to Ap = 1 (gold) or Ap = �1
(black, denoting an e-anyon). We use feed-forward to pair
up and annihilate the e-anyons in real time, deterministically
producing a clean toric code wavefunction using a finite-depth
circuit and nonlocal classical processing.

excitation-free state is important for the quantum sim-

ulation of topologically ordered systems with non-error

corrected devices, but is also a common prerequisite for

quantum error correction protocols that realize univer-

sal gate sets [8]. Moreover, feedforward is indispensable

for the e�cient preparation of certain non-Abelian states
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Hamiltonian lattice gauge theories
Let us start with (2+1)d transverse-field Ising model, which is equivalent to the 3d 
classical Ising model. I explain the connection between the two. Cf. [J. Kogut (1976)]

where
 .  

is the Ising Hamiltonian on the 3d square lattice. 

We take one direction, say the  direction, as a special direction and make the coupling 
constant anisotropic. 

We view the  and  directions as spatial, and  as temporal.

ZIsing = ∑
{sv=±1}

e−βI[s]

I[s] = − K∑
e

∏
v⊂e

sv

z

Ianis.[s] = − Ks ∑
e∈Ex∪Ey

∏
v⊂e

sv − Kt ∑
e∈Ez

∏
v⊂e

sv

x y z
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Hamiltonian lattice gauge theories
A simple rewriting gives us

up to a constant.  Here, 
 and  for  .

To derive a 2d quantum Hamiltonian related via

we take the spin variable as the basis of the Hilbert space. We also take an 
approximation . 
At each temporal slice , we insert a complete basis  

Ianis.[s] = − Ks ∑
e∈Ex∪Ey

∏
v⊂e

sv − Kt ∑
e∈Ez

∏
v⊂e

sv

∼ − Ks ∑
e∈Ex∪Ey

∏
v⊂e

sv +
Kt

2 ∑
e∈Ez

(sv(e)+
− sv(e)−

)2

v(e)+ = {x, y, z + 1} v(e)− = {x, y, z} e = {x, y} × [z, z + 1]

ZIsing ≃ Tr(e−τH)
e−τH ≃ (e−ΔτH)N

z = int . ⨂
v∈Vz=j

|sv⟩⟨sv |
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Hamiltonian lattice gauge theories
We aim to find  such that 

 .

Relate parameters as 
 ,   ,    (small  limit) .

First look at the diagonal transfer matrix elements:
     for each  slice.

So we have
 . 

H

ZIsing ≃ Tr(⨂
v∈Vj

⟨sv |e−ΔτH ⨂
v′￼∈Vj+1

|sv′￼
⟩)

N

βKs = λe−2βKt Δτ = e−2βKt βKt → ∞ Δτ

exp( − βKs ∑
e∈Ex∪Ey

∏
v⊂e

sv) ⟷ exp( − Δτ ∑
e∈Ex∪Ey

∏
v⊂e

Zv) z

Hdiag = − λ∑
e∈E

∏
v⊂e

Zv
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Hamiltonian lattice gauge theories
We aim to find  such that 

 .

Relate parameters as 
 ,   ,    (small  limit) .

Next look at a single-shift transition. Say  and  differ at one site between  and .

Due to the term  , the Boltzmann factor gains a weight .  

We identify as  
.

This is generated by 
 . 

H

ZIsing ≃ Tr(⨂
v∈Vj

⟨sv |e−ΔτH ⨂
v′￼∈Vj+1

|sv′￼
⟩)

N

βKs = λe−2βKt Δτ = e−2βKt βKt → ∞ Δτ

{sv} {sv′￼
} j j + 1

−β
Kt

2 ∑
e∈Ez

(sv(e)+
− sv(e)−

)2 e−2βKt

⟨{sv} | (−ΔτH) |{sv′￼
}⟩ ≃ e−2βKt ≡ Δτ

Hoff−diag = − ∑
u∈V

Xu
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Hamiltonian lattice gauge theories
In total, we have for 3d classical Ising model (in a certain limit) that 

with 

where the vertices and edges are those in 2-dimensions (xy-slices).

This construction straightforwardly generalizes to classical Ising models in arbitrary 
dimensions and we get (quantum) transverse-field Ising models in one-dimension 
lower.

This also generalizes to lattice gauge theories. (Next slide)

ZIsing ≃ Tr(e−ΔτH)N

H = HTFI = − ∑
v∈V

Xv − λ∑
e∈E

∏
v⊂e

Zv
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Hamiltonian lattice gauge theories
Consider the  version of Wilson’s plaquette action:

 .

The action in invariant under the simultaneous flip of spins on edges (links) around a vertex. 

We again make the coupling constants anisotropic. 

We make use of the gauge transformation to fix spins on temporal edges (temporal link 
variables) to 1. Then we get 

where  and  are edges in the plaquette  at larger and smaller ‘temporal’ 
coordinate, respectively. 

Just as in the study with Ising models, we can again use 

G = ℤ2
I[{ue = ± 1}] = − J∑

p∈P
∏
e⊂p

ue

I[{ue = ± 1}] = − Js ∑
p∈Pxy

∏
e⊂p

ue − Jt ∑
p∈P∙z

ue(p)+
ue(p)−

e(p)+ e(p)− p

ue(p)+
ue(p)−

= −
1
2

(ue(p)+
− ue(p)−

)2 + 1
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Hamiltonian lattice gauge theories
We have for -dim Euclidean path integral of the lattice gauge theory that 

with 

where the edges and plaquettes are those in -dimensions.

We already used the gauge redundancy to fix the temporal link variables to 1. However, there 
is residual gauge redundancy, which is generated by simultaneous gauge transformations 
over temporal coordinates at a fixed vertex in the spatial slice. 
In terms of the quantum system, this is generated by the Gauss law divergence operator

 . 

One can check that  .   

d
ZGauge ≃ Tr(e−ΔτH)N

H = HGauge = − ∑
e∈E

Xe − λ∑
p∈P

∏
e⊂p

Ze

(d − 1)

Gv = ∏
e⊃v

Xe

[HGauge, Gv] = 0
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■ Toric code:

■ The  lattice gauge theory may be written as 

with  = 1.  
■ In condensed matter physics, the toric code (with 
some extra terms) is often referred to as a ‘lattice gauge 
theory’ in this sense.

HTC = − ∑
v

Av − ∑
p

Bp

ℤ2
HGauge = − ∑

e∈E

Xe − λ∑
p∈P

Bp

Gv = Av

Hamiltonian lattice gauge theories

Z Z
Z

Z
Bp

X
X X

X
Av

plaquette term

star term
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We ask, is there a generalization of the measurement-based preparation of 
the toric code to that of lattice gauge theories? 

It turns out that the method above can indeed implement the Kramers-
Wannier-Wegner duality transformation from the Ising model to the lattice 
gauge theory.

Hamiltonian lattice gauge theories

Product state cluster state toric code post-measurement 
state 

CZ
Feedforwarded 
Pauli ops. 

Ising model pre-measured 
state 

Lattice gauge 
theory 

post-measurement 
state 

CZ
Feedforwarded 
Pauli ops. 
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Hamiltonian lattice gauge theories

Ising model pre-measured 
state 

Lattice gauge 
theory 

post-measurement 
state 

CZ
Feedforwarded 
Pauli ops. 

■ Start with a state on vertices 
■ Introduce ancilla d.o.f. on edges 

■ Apply the cluster-state entangler  

■ Measure vertex d.o.f. in the  basis
■ As described previously, perform corrections against 

randomness. This is possible if we have an even 
number of  outcomes. (Post-select.)

■ All put together, we are implementing an operator 
      

|ψ⟩
| + ⟩⊗E

𝒰CZ = ∏
e∈E

∏
v⊂e

CZe,v

X

| − ⟩

𝖪𝖶 = ⟨ + |⊗V 𝒰CZ | + ⟩⊗E 𝖪𝖶 : ℋV → ℋE

|ψ⟩

| + ⟩

| + ⟩

| + ⟩

| + ⟩
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Hamiltonian lattice gauge theories
   with    implements the following map:

In the dual lattice picture,  and .

This is a gauging operation such that 
    (global symmetry in  gets trivialized)

   (Gauss law in  emerges)

𝖪𝖶 = ⟨ + |⊗V 𝒰CZ | + ⟩⊗E 𝒰CZ = ∏
e∈E

∏
v⊂e

CZe,v

Xe 𝖪𝖶 = 𝖪𝖶 Zv(e)1
Zv(e)2

Ze(v)1
Ze(v)2

Ze(v)3
Ze(v)4

𝖪𝖶 = 𝖪𝖶 Xv

Xe = Xe* Ze(v)1
Ze(v)2

Ze(v)3
Ze(v)4

= Ze*(p*)1
Ze*(p*)2

Ze*(p*)3
Ze*(p*)4

= Bp*

𝖪𝖶 ⋅ HIsing = HGauge𝖪𝖶

𝖪𝖶 ⋅ ∏
v∈V

Xv = 𝖪𝖶 ℋV

𝖪𝖶 = Gv* ⋅ 𝖪𝖶 ℋE
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Hamiltonian lattice gauge theories

80

22

|�ungauged�

|�gauged�

̂KWt
x y

T(t)

T*(t)

FIG. 16. An interpretation of the relation between the (2+1)d
TFI and the gauge theory in terms of the corresponding 3d
Euclidean lattice theories [1]. A discussion on the mobility
of the Kramers-Wannier duality defect/operator is given in
Refs. [87–89], for example.

by appropriately regarding one of the chains as its dual.
For �1 2 �1 and �0 2 �0,

Z(@�1)X�0X(@⇤
�0)

= (�1)#(@�1\�0)X�0X(@⇤
�0)Z(@�1), (A2)

and

Z(�1)X�0X(@⇤
�0) = (�1)#(�1\@

⇤
�0)X�0X(@⇤

�0)Z(�1).
(A3)

Due to the Poincare duality, we have (�1)#(@�1\�0) =
(�1)#(�1\@

⇤
�0). Using the relation (72), we find

Z(@�1)
⇣ Y

�02�0

(X�0X(@⇤
�0))

⇤(�0)
⌘
|c0, @

⇤
c0i

= Z(�1)
⇣ Y

�02�0

(X�0X(@⇤
�0))

⇤(�0)
⌘
|c0, @

⇤
c0i, (A4)

with ⇤(�0) 2 {0, 1}.

Appendix B: Delegated proof of Kramers-Wannier
transformation of time evolutions

1. Twisted gauge theory in (2+1)d

The Kramers-Wannier transformation of the tTFI is
mostly identical to that of TFI. It is calculated as follows.
We first apply the entangler and obtain

⇣ Y
CXv,e

⌘
TtTFI(t)| ungaugediV |0iE

=
⇣ Y

u2V

e
i�tOu

Q
e�u Xe

Y

hu,u0i2E

e
ig�tZuZu0

⌘k

X

av=0,1

C({av})|{av + av0}iE |{av}iV . (B1)

As before, ZuZu0 can be replaced by Zhu,u0i because the
operator Ou

Q
e�u

Xe preserves such structure. Further-

more, we can replace the operator Ou

Q
e�u

Xe by XuÕu.
Now we take the inner product between h{s̃v}|V and

|{av}iV . We find the resultant wave function for the edge
degrees of freedom is equal to

⇣ Y

u2V

exp
⇣
i�t(�1)suÕu

⌘ Y

e2E

e
ig�tZe

⌘k

⇥ Obp(⇢1)| gaugediE . (B2)

Using the commutation relation (�1)suÕuObp(⇢1) =
Obp(⇢1)Õu, we obtain

Obp(⇢1) ·

⇣ Y

u2V

exp
⇣
i�tÕu

⌘ Y

ei2E

e
ig�tZe

⌘k

| gaugediE .

(B3)

2. Gauged Ising model in (1+1)d

To distinguish operators acting on the undualized and
dualized degrees of freedom, we write those acting on
the undualized qubits with bold symbols such as XXX. We
propagate the entangler U

GM to the ungauged wave func-
tion, and we obtain time evolution terms with the XXX on
primal vertices conjugated,

XXX(�0) 7! XXX(�0)X(�0)X(@⇤
�0). (B4)

Then, the pre-measurement wave function is the follow-
ing:

| prei =
⇣
U

GM
T

TL-Ising(t)UGM†

⌘

X

c02C0

C(c0)|c0ii|c0, @
⇤
c0i�1 . (B5)

With this wave function, the Z operators on primal ver-
tices are replaced with those on dual edges/vertices. We

A real-time evolution

can be transformed by the measurement-based gauging 
procedure as 

 .

When the state  is in the paramagnetic phase (  ), 
then the gauged state  is in the deconfining phase (  
toric code).  

e−itHIsing |ψ⟩

𝖪𝖶e−itHIsing |ψ⟩ = e−itHGauge𝖪𝖶 |ψ⟩

|ψ⟩ ≃ | + ⟩⊗V

𝖪𝖶 |ψ⟩ ≃

This may be used for a quantum simulation. Suppose we start with a state that satisfies 
  (to ensure that the number of the  outcome is even). ∏

v∈V

Xv |ψ⟩ = |ψ⟩ | − ⟩



Hamiltonian lattice gauge theories

■ By a Lieb-Robinson bound [Bravyi-Hastings-Verstraete], it is expected that a state in the toric code 
phase cannot be obtained by a constant-depth unitary circuit. Measurement supplies non-
unitarity to give a short-cut to a quantum simulation in the deconfining regime. [Ashkenazi-Zohar 
(2021), HS-Wei (2023)]

■ The idea of performing KW on the Ising quantum simulation could be implemented on real 
quantum devices in the near future, as the Ising quantum simulation requires less 
connectivity.

■ In (3+1)dimensions, the lattice  gauge theory is self-dual. Gauging may not be so useful as 
a short cut for simulating such models.

■ Below, we consider a quantum simulation scheme motivated by MBQC. 

ℤ2
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A formula

•Consider a general “initial state” 
•Prepare a “resource state”  
•Measure the middle qubit with , i.e.,     

|ψ⟩bc
CZa,bCZa,c |ψ⟩bc | + ⟩a

{eiξX |0⟩, eiξX |1⟩} XseiξX |0⟩ (s = 0,1)

⟨0 |a e−iξXaXs
a ⋅ CZa,bCZa,c |ψ⟩bc | + ⟩a=e−iξZbZc(ZbZc)s |ψ⟩bc

→ Multi-qubit rotation. 
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Cluster state for quantum simulation

■ Simulating (1+1)d transverse-field Ising model on the 2d cluster state

=

∏
e

(Zv(e)+
Zv(e)−)s(e)e−iξZv(e)+Zv(e)−

83



Cluster state for quantum simulation

■ Simulating (1+1)d transverse-field Ising model on the 2d cluster state

=

∏
v

Hv(Zv)s(v)
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Cluster state for quantum simulation

■ Simulating (1+1)d transverse-field Ising model on the 2d cluster state

=

∏
v

Hv(Zv)s(v)e−iξZv
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Cluster state for quantum simulation

■ Simulating (1+1)d transverse-field Ising model on the 2d cluster state

=
ℳ

ℳ ⋅ [𝒰CZ |ϕ⟩(x=0)
edge ⊗ | + ⟩others]

= 𝒰CZ(𝒪bp ⋅ ∏
v

Hve−iξZvHv∏
e

e−iξ′￼Zv(e)+Zv(e)− |ϕ⟩(x=1)
edge ⊗ | + ⟩others)

= 𝒰CZ(𝒪bp ⋅ ∏
v

e−iξXv∏
e

e−iξ′￼Zv(e)+Zv(e)− |ϕ⟩(x=1)
edge ⊗ | + ⟩others)
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Cluster state for quantum simulation

■ Simulating (1+1)d transverse-field Ising model on the 2d cluster state

=
ℳ

ℳ ⋅ [𝒰CZ |ϕ⟩(x=0)
edge ⊗ | + ⟩others]

= 𝒰CZ(𝒪bp ⋅ UTFI(Δt) |ϕ⟩(x=1)
edge ⊗ | + ⟩others)
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Plan
Part I: Quantum computation by measurement

• Stabilizer formalism

• Graph state

• Gate teleportation

• Universal quantum computation on graph states 

Part II: Measurement-based quantum computation and lattice gauge theory

• Measurement as a shortcut to topological orders

•  lattice gauge theory

• Quantum simulation of lattice gauge theories 

ℤ2
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Wegner’s generalized Ising models

89



Cell simplex σi
σ0 σ1 σ2 σ3

 : cell simplices in  dimensional hypercube lattice 
  : cell simplices in  dimensional hypercube lattice

  or 

σ̆i d
σi d − 1

σ̆i = σi × {j} σ̆i+1 = σi × [ j, j + 1]
 coordinatexdIntervalPoint

{j}

{j + 1}
[ j, j + 1]

xd

σ̆1 = σ0 × [ j, j + 1]

σ0

σ̆2 = σ1 × [ j, j + 1]

σ1

σ̆0 = σ0 × {j}

σ0

 -dimd

 -dim(d − 1)
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We have  (and ) and a chain complex.∂2 = 0 (∂*)2 = 0

Similarly, we have cell simplices in the dual lattice with  . σi ≃ σ*d−iSciPost Physics Submission

�*( dual� )=( dual� )

�( dual� )=( dual� )�*0

�*1�1

�2

Figure 2: An illustration of boundary operators and duality for a square lattice. (Top)
The 2-cell �2 is represented by a shaded square. Its boundary @ �2 is the sum of four
1-cells. (Bottom) The 1-cell �1 is represented by a gray line. Its dual boundary is the
sum of two 2-cells. In both figures, the duals of the relevant cells are indicated.

for some i. Then on each �i we have Pauli operators X (�i) and Z(�i). For each i-chain ci we
define

X (ci) :=
Y

�i2�i

X (�i)a(ci ;�i) ,

Z(ci) :=
Y

�i2�i

Z(�i)a(ci ;�i) . (8)

For MBQS we consider a hypercubic lattice in d-dimensions, with the (1,2, ..., d � 1)-
directions periodic and the d-th direction open. The value of the d-th coordinate xd (“time”)
specifies an artificial time slice. The boundaries xd = 0 and xd = Ld , where Ld is the linear
lattice size in the d-th direction, are examples. The bulk state to be introduced later will be the
resource state for MBQS. As we proceed in the protocol of MBQS, the state originally defined on
the xd = 0 time slice will be teleported to a middle time slice xd = j, where j 2 {0,1, . . . , Ld}.
Throughout the paper, unless otherwise stated, we use the notation where the bold fonts (���,
���, @@@ , etc.) represent “bulk” quantities related to the d-dimensional lattice, whereas the nor-
mal fonts (�, �, @ , etc.) are used for the (d �1)-dimensional lattice identified with the space
of the simulated model.

A cell ���i inside a time slice xd = j is of the form

���i = �i ⇥ { j} , (9)

while a cell ���i extending in the time direction takes the form

���i = �i�1 ⇥ [ j, j + 1] . (10)

Sometimes we express a point in the time direction as pt and an interval as I.

2.2 Model M(d,n)

We consider a class of theories described by classical spin degrees of freedom living on (n�1)
cells in the d-dimensional hypercubic lattice whose action I is given by

I[{S���n�1
}] = �J
X

���n2���n

S(@@@���n) , (11)

where J is a coupling constant. S���n�1
2 {+1,�1} is a classical spin variable living on each

(n� 1)-cell ���n�1 2���n�1 and

S(ccci) =
Y

���i2���i

(S���i
)a(ccci ;���i) (12)

7
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Model : 
Classical spin variables  living on -cells in the 
-dimensional hybercubic lattice.  [Wegner (1971)]

M(d,n)
Sσ̆n−1

∈ {+1, − 1} (n − 1) d

Euclidean action (classical Hamiltonian)  : 
 . 

I
I = − J∑̆

σn

( ∏
σ̆n−1⊂∂σ̆n

Sσ̆n−1)

Wegner’s generalized Ising model

 .H(d,n) = − ∑
σn−1

X(σn−1) − λ∑
σn

Z(∂σn)

Via the transfer matrix formalism, we obtain a quantum Hamiltonian in  
dimensions with the continuous time.

(d − 1)
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Transverse field Ising model 

Wegner’s generalized Ising model

 

Classical Ising model  

Gauge theory (Wilson’s 
plaquette action for )G = ℤ2

  M(d,1)

  M(d,2)

Quantum pure gauge theory 

H(d,1) = − ∑
σ0

X(σ0) − λ∑
σ1

Z(∂σ1)I = − J ∑
edge

S(∂σ̆1)

I = − J ∑
plaquette

S(∂σ̆2) H(d,2) = − ∑
σ1

X(σ1) − λ∑
σ2

Z(∂σ2)

site variable

link variable
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We wish to simulate a Trotterized (real) time evolution:

with

 . 

|ψ(t)⟩ = U(t) |ψ(0)⟩

T(t = jΔt) = (∏
σn−1

eiΔtX(σn−1)∏
σn

eiΔtλZ(∂σn))
j

Wegner’s generalized Ising model

94



MBQS of lattice gauge theories

95



|ψ(0)⟩bdry

|ψC⟩bulk

|ψC⟩bulk

|ψ(t)⟩bdry

|ψ(T)⟩bdry

 : simulated state of  with the Trotterized time evolution ,

 .

 : resource state to be measured — generalized cluster state (gCS). 

|ψ(t)⟩bdry M(d,n) T(t)
|ψ(t)⟩bdry = T(t) |ψ(0)⟩

|ψC⟩bulk

MBQS
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Entanglement in our resource state, gCS  (generalized cluster state), is 
tailored to reflect the space-time structure of the model :

 

(d,n)
M(d,n)

|gCS(d,n)⟩ := 𝒰CZ | + ⟩Δ̆n | + ⟩Δ̆n−1

𝒰CZ = ∏
σ̆n∈Δ̆n

( ∏
σ̆n−1⊂∂σ̆n

CZσ̆n−1,σ̆n) .

(d, n) = (3,1)
[Raussendorf Bravyi 
Harrington (2007)]

(d, n) = (3,2)

0-cell 
1-cell 

σ̆0
σ̆1

1-cell 
2-cell 

σ̆1
σ̆2

MBQS
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←Load a 2d initial state  at .|ψ(0)⟩bdry x3 = 0

Couple it to the rest of the resource state.

-direction
=“time” in the simulated world 
x3

{0}

{1}

[0,1]

MBQS: simulating  on M(3,1) gCS(3,1)
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teleported to [ j, j + 1]∏
σ1

e−iξ1Z(∂σ1) ∏
σ0

e−iξ3X(σ0)

teleported to {j + 1}

σ̆1 = σ1 × {j} σ̆0 = σ0 × {j} σ̆1 = σ0 × [ j, j + 1]

MBQS: simulating  on M(3,1) gCS(3,1)
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←Load a 2d initial state  of the gauge 
theory 

|ψ(0)⟩bdry

MBQS: simulating  on M(3,2) gCS(3,2)
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teleported to [ j, j + 1]∏
σ2

e−iξ1Z(∂σ2) ∏
σ1

e−iξ4X(σ1)

teleported to {j + 1}

Gauss law check.

σ̆2 = σ2 × {j} σ̆1 = σ1 × {j} σ̆1 = σ0 × [ j, j + 1] σ̆2 = σ1 × [ j, j + 1]

MBQS: simulating  on M(3,2) gCS(3,2)

(Come back to this later)
101



|gCS(d,n)⟩

A state in M(d,n) Single-qubit measurements

MBQS: simulating  on M(d,n) gCS(d,n)
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Ex.  gauge theory

• We consider a faulty resource state 

• Perfect (non-faulty) measurement

M(3,2)

|gCSE⟩ = Z(ĕ1)X(ĕ′￼1)Z(ĕ2)X(ĕ′￼2) |gCS⟩

The 2d simulated state at   ( ) looks like:

 

with  being Trotter evolution unitary with parameters  being faulty.

x3 = j t = jδt

|ψ(t)⟩ = Z(e( j)
1 )X(e′￼

( j)
1 )(

j

∏
k

Σ(k)) UE(t) |ψ(0)⟩

UE(t) ξ̃1,4

The error chain  is caused by .Z(e( j)
1 ) Z(ĕ1)[Z(e( j)

1 ), G(σ0)] ≠ 0

MBQS: simulating  on M(d,n) gCS(d,n)
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14

(a) (b) (c)

FIG. 5. (Color online) An example of the Gauss law enforcement. The time direction is vertical from top to bottom. (a) The
purple (black) lines represent Z(eee1), the Z errors on 1-cells. The blue (black) balls represent 0-cells where the number of error
chains surrounding it is odd, meaning that the set of X eigenvalues does not satisfies the symmetry equations: X(@⇤�0@⇤�0@⇤�0) 6= 1
(bulk) or X(@⇤�0@⇤�0@⇤�0) 6= (�1)Q(�0) (boundary). (b) The cyan (gray) lines are the 1-chains that connect two balls with the shortest
paths, which we use as recovery chains Z(rrr1). (c) The error and recovery chains are projected to the final time slice. The net
contribution from the errors and their recovery chain is a 1-cycle, Z(z1).

straint. We remark that taking ` small would improve the fidelity of the simulation assuming the classical pro-
cessing of finding rrr1 is instantaneous.

B. Method with energetic cost

With the same setup as above, we consider MBQS with the energetic cost term. Again, we focus on Z(eee1). Here
we consider the time xd = j and e0 (e1) is the restriction of eee1 to {j} ([j, j + 1]). The state after one step of the
procedure with the faulty resource state reads

Y

�12�1

X(�1)
s4(�1)e

�i⇠4X(�1)
Y

�02�0

X(@⇤�0)
s3(�0)e

�i(�1)a(�0,e0)
⇠3X(@⇤

�0)

Y

�12�1

Z(�1)
s2(�1)+a(�1;e1)

Y

�22�2

Z(@�2)
s1(�2)e

�i⇠1Z(@�2)Z(b1)X(b01)| 2di�1⇥{j} , (94)

The angle ⇠3 is chosen based on the former measurement outcomes b̃1 := b1 + s̃2 with s̃2 =
P

�1
s2(�1)�1:

⇠3 = ��t ⇤ (�1)Q(�0)(�1)a(@
⇤
�0;b̃1) . (95)

This choice would give us unitaries that suppress contributions with errors Z(�1)a(�1;e1), if e0 = 0 [39].

V. GENERALIZATIONS

In this section we generalize the results in Sections III
in several directions. We generalize the gauge group from
Z2 to ZN , and at the same time allow the parameters
(d, n) of the model M(d,n) to be arbitrary. We also dis-
cover a correspondence between the Euclidean path in-
tegral of the lattice gauge theory and the measurement-
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FIG. 5. (Color online) An example of the Gauss law enforcement. The time direction is vertical from top to bottom. (a) The
purple (black) lines represent Z(eee1), the Z errors on 1-cells. The blue (black) balls represent 0-cells where the number of error
chains surrounding it is odd, meaning that the set of X eigenvalues does not satisfies the symmetry equations: X(@⇤�0@⇤�0@⇤�0) 6= 1
(bulk) or X(@⇤�0@⇤�0@⇤�0) 6= (�1)Q(�0) (boundary). (b) The cyan (gray) lines are the 1-chains that connect two balls with the shortest
paths, which we use as recovery chains Z(rrr1). (c) The error and recovery chains are projected to the final time slice. The net
contribution from the errors and their recovery chain is a 1-cycle, Z(z1).

straint. We remark that taking ` small would improve the fidelity of the simulation assuming the classical pro-
cessing of finding rrr1 is instantaneous.

B. Method with energetic cost

With the same setup as above, we consider MBQS with the energetic cost term. Again, we focus on Z(eee1). Here
we consider the time xd = j and e0 (e1) is the restriction of eee1 to {j} ([j, j + 1]). The state after one step of the
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The angle ⇠3 is chosen based on the former measurement outcomes b̃1 := b1 + s̃2 with s̃2 =
P

�1
s2(�1)�1:

⇠3 = ��t ⇤ (�1)Q(�0)(�1)a(@
⇤
�0;b̃1) . (95)

This choice would give us unitaries that suppress contributions with errors Z(�1)a(�1;e1), if e0 = 0 [39].
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paths, which we use as recovery chains Z(rrr1). (c) The error and recovery chains are projected to the final time slice. The net
contribution from the errors and their recovery chain is a 1-cycle, Z(z1).

straint. We remark that taking ` small would improve the fidelity of the simulation assuming the classical pro-
cessing of finding rrr1 is instantaneous.

B. Method with energetic cost

With the same setup as above, we consider MBQS with the energetic cost term. Again, we focus on Z(eee1). Here
we consider the time xd = j and e0 (e1) is the restriction of eee1 to {j} ([j, j + 1]). The state after one step of the
procedure with the faulty resource state reads

Y

�12�1

X(�1)
s4(�1)e

�i⇠4X(�1)
Y

�02�0

X(@⇤�0)
s3(�0)e

�i(�1)a(�0,e0)
⇠3X(@⇤

�0)

Y

�12�1

Z(�1)
s2(�1)+a(�1;e1)

Y

�22�2

Z(@�2)
s1(�2)e

�i⇠1Z(@�2)Z(b1)X(b01)| 2di�1⇥{j} , (94)

The angle ⇠3 is chosen based on the former measurement outcomes b̃1 := b1 + s̃2 with s̃2 =
P

�1
s2(�1)�1:

⇠3 = ��t ⇤ (�1)Q(�0)(�1)a(@
⇤
�0;b̃1) . (95)

This choice would give us unitaries that suppress contributions with errors Z(�1)a(�1;e1), if e0 = 0 [39].

V. GENERALIZATIONS

In this section we generalize the results in Sections III
in several directions. We generalize the gauge group from
Z2 to ZN , and at the same time allow the parameters
(d, n) of the model M(d,n) to be arbitrary. We also dis-
cover a correspondence between the Euclidean path in-
tegral of the lattice gauge theory and the measurement-
based quantum simulation of the model. Finally, we pro-

pose an MBQS protocol for the Kitaev Majorana chain.

A. MBQS of M (ZN )
(d,n)
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With correction, the 2d simulated state at   
( ) looks like:

 

with  being . 

x3 = j
t = jδt

|ψ(t)⟩ = Z(z( j)
1 )X(e′￼

( j)
1 )(

j

∏
k

Σ(k)) UE+R(t) |ψ(0)⟩

z( j)
1 ∂z( j)

1 = 0
post-process Σ(k)

Gauss law is enforced:
 

|ψ(T)⟩ = Z(z(L3)
1 )X(e′￼

(L3)
1 )UE+R(T) |ψ(0)⟩

G(σ0) |ψ(T)⟩ = |ψ(T)⟩

MBQS: simulating  on M(d,n) gCS(d,n)
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Overlap formula
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Our MBQS measurement pattern is related to the overlap formula below:

It is a classical-quantum correspondence [Van den Nest-Dur-Briegel (2008)]  relating a 2d quantum state 
and a 2d classical statistical model. See also [Lee-Ji-Bi-Fisher (2022)] [Matsuo-Fujii-Imoto (2014)].

The state  is different from , which we used in MBQS, however. ⟨0 |e−KX ⟨0 |e−iξX

  Z(2,1) = 𝒩 × ⟨ ⟩|
gCS(2,1)⟨0 |e−KX

⟨ + |
Resource state for (1+1)d 
transverse-field Ising model

Overlap formula

2d classical Ising 
partition function
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Let us check this formula. 

  

⟨ + |V
⨂
e∈E

⟨0 |eKXe |gCS⟩

⟨ + |V
⨂
e∈E

⟨0 |eKXe(∏
e∈E

∏
v⊂e

CZe,v) | + ⟩V | + ⟩E

= ⟨ + |V ⟨0 |E (∏
e∈E

∏
v⊂e

CZe,v)∏
e∈E

eKXe∏v⊂e Zv | + ⟩V | + ⟩E

= ⟨ + |V ⟨0 |E
∏
e∈E

e(+1)K∏v⊂e Zv | + ⟩V | + ⟩E

=
1

2|E|/2
⟨ + |V

∏
e∈E

e(+1)K∏v⊂e Zv | + ⟩V

Overlap formula

109



As  is a diagonal operator in the computational basis, it reduces to evaluation of the 
exponential over all possible  configuration on vertices. We get

Z
±1

  

1
2|E|/2

⟨ + |V
∏
e∈E

e(+1)K∏v⊂e Zv | + ⟩V

=
1

2|E|/22|V| ∑
{sv=±1}v∈V

∏
e∈E

eK∏v⊂e sv

=
1

2|E|/22|V| ∑
{sv=±1}v∈V

eK∑e∈E ∏v⊂e sv

Overlap formula

Thus we have

⟨ + |V
⨂
e∈E

⟨0 |eKXe |gCS⟩ =
1

2|E|/22|V|
ZIsing(K)
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Rewriting it further,

  Z(2,1) = 𝒩 ×⟨ ⟩|
⟨0 |e−KX Toric code

= partially “measuring” out gCS(2,1)

Overlap formula

2d classical Ising 
partition function
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This is a ‘map’ from a topologically ordered state to a classical partition function. 
In condensed matter physics, this type of relation is called a strange correlator. 

[Bal et al., Phys. Rev. Lett. 121, 177203 (2018)]



Overlap formula 

⟶
Project by ⟨ + |V

Qubits on E and V

Qubits on E and P
Project 

by ⟨ + |P

⟶

ZX

X Z

XL

ZL
Z X

XL

Hadamard

⟶

|Φ⟩

|Φ*⟩ 𝖧 |Φ*⟩|gCS*⟩

|gCS⟩
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Overlap formula

ZX

X Z

XL

ZL

■ The state  is stabilized by 
■ The state  is stabilized by 
■  and  anti-commute on a torus. 

The precise relation is: 

Note: 

|Φ⟩ XL |Φ⟩ = |Φ⟩
|Φ*⟩ ZL |Φ*⟩ = |Φ*⟩

XL ZL

𝖧 |Φ*⟩ =
1

H1(T2, ℤ2) ∑
[ℓ]∈H1(T2,ℤ2)

Zℓ |Φ⟩

XL | + ⟩ = | + ⟩, ZL |0⟩ = |0⟩, | + ⟩ =
1

2
( |0⟩ + |1⟩)
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Overlap formula

We obtained:

 .

There’s an identity   with .

The identity 

implies that 

where  is a twisted partition function of 2d classical partition function and 
 is the Ising partition function on the dual square lattice.

The sign of the coupling constant is flipped along the line . 

𝖧 |Φ*⟩ =
1

H1(T2, ℤ2) ∑
[ℓ]∈H1(T2,ℤ2)

Zℓ |Φ⟩

⟨0 |eKX𝖧 = sinh(K)⟨0 |eK*X K* = −
1
2

log tanh(K)

⟨0 |eKX |Φ*⟩ = ⟨0 |eKX𝖧 ⋅ 𝖧 |Φ*⟩

Zdual(K) ∼ (sinh K)|E|/2 ∑
[ℓ]∈H1(T2,ℤ2)

Z(K*; ℓ)

Z(K*; ℓ)
Zdual(K)

ℓ
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Aspects of symmetries I:
SPT
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(d, n) = (3,1)
-form symmetry(d − n) = 2

X

X
X

X

X

XX(z̆1)

-form symmetry(n − 1) = 0

X

X
X

X
X

X
X(z̆*3 )

X X

Higher-form symmetries in gCS

∂z̆1 = 0 ∂*z̆*3 = 0
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(d, n) = (3,2)

X

X
X

X

X

X

-form symmetry(n − 1) = 1

X(z̆*2 )

X

X
X

X

X
X

-form symmetry(d − n) = 1

X(z̆1)

Higher-form symmetries in gCS

∂z̆1 = 0 ∂*z̆*2 = 0
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-form and -form symmetry:

 

with  ,  . 

(d − n) (n − 1)
|gCS⟩ = X(z̆n) |gCS⟩ = X(z̆*d−n+1) |gCS⟩

Md−n = {z̆n |∂z̆n = 0} M′￼n−1 = {z̆*d−n+1 |∂*z̆*d−n+1 = 0}

Higher-form symmetries in gCS
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gCS  has an SPT order protected by -form and 
-form 

(d,n) (d − n)
(n − 1) ℤ2

• Two symmetry generators act projectively at the boundaries of the lattice → 
SPT. Cf. [Yoshida (2016)] [Roberts-Kubica-Yoshida-Bartlett (2017)].

• The simulated state as an edge state of an SPT.

SPT order in gCS
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Appendix
Aspects of symmetries II:

Holographic correspondence?
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 Boundary symmetry generator X(z*d−n)
 Bulk symmetry generator  with 

.
X(z̆*d−n+1)

∂*z̆*d−n+1 = 0 or = z*d−n

Electric 1-form symmetry X(z*1 ) 1-form symmetry X(z̆*2 )

0-form symmetry X(z*2 ) = ∏
v∈V

Xv 0-form symmetry X(z̆*3 ) = ∏̆
v∈V̆

Xv̆ Ising(3,1)

 gauge(3,2)

⑧
⑧

⑧
-
&

⑧

Bulk/boundary symmetries in MBQS

A state in M(d,n)
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Consider a -dimensional Hamiltonian
 ,

which is symmetric under the transformation with the global -form,  . 

d
H = − ∑ Z(∂σ̆n)

(n − 1) X(z̆*d−n+1)

Cluster state gCS: 
It is described by the local stabilizer conditions:

 .

It can be seen as the ground state of the gauged version of the above Hamiltonian,
 ,

with the local gauge constraint   ( ). 

(The global symmetry  is a product of local stabilizers .)

X(σ̆n)Z(∂σ̆n) |gCS(d,n)⟩ = X(σ̆n−1)Z(∂*σ̆n−1) |gCS(d,n)⟩ = |gCS(d,n)⟩

Hgauged = − ∑ X(σ̆n)Z(∂σ̆n)
X(σ̆n−1)Z(∂*σ̆n−1) = 1 ∀σ̆n−1

X(z̆*d−n+1) X(σ̆n−1)Z(∂*σ̆n−1)

Bulk/boundary symmetries in MBQS
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X(z̆*d−n+1)

global -form sym.(n − 1)

gauged with -form gauge fieldn|gCS(d,n)⟩

⑧
-
&

⑧

Bulk/boundary symmetries in MBQS
In other words, the boundary global symmetry is promoted to the bulk(+boundary) 
global symmetry , and it is gauged in the cluster state. X(z̆*d−n+1) |ψC⟩ = |ψC⟩

global -form sym.(n − 1)

“Holographic interplay”

A state in M(d,n)
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Summary and outlook
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Summary/Outlook

■ Graph states/cluster states is a class of stabilizer states that can be used for MBQC. 
■ The 2d cluster state on a regular lattice is a universal resource. 
■ Open Question: What is the precise characterization of an MBQC resource state? 

“Universal phase of quantum matter”?

■ The cluster state entangler and measurements combined together offer a shortcut to 
deconfinement phases. 

■ The preparation of the toric code state was recently achieved with this method. We 
expect that more exciting results along this direction will come out in the near future. 

■ This can be potentially applied to quantum simulations as well. 
■ Open Question: How about for continuous gauge groups (e.g. ) etc.? Cf. [Ashkenazi-Zohar 

(2021)] 
U(1)
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Summary/Outlook

■ I also explained an Measurement-Based Quantum Simulation scheme. Depending on 
properties of experimental devices, there can be some advantage over gate-based 
quantum simulations. E.g. run time.

■ So far, this has been formulated for  higher-form gauge theories in arbitrary 
dimensions, the Fradkin-Shenker model, and Kitaev’s Majorana chain model. 

■ It is also possible to implement the imaginary-time evolution with post selections.

■ Open Question: Can we formulate an MBQS for  lattice gauge theories and theories 
with Dirac/Weyl fermions? 

■ Open Question: Is the MBQS possible over the family of states within some SPT phase 
which includes the state ? (Similar to the notion of “universal phase of quantum 
matter”) 

■ Thoughts: Relation to the overlap fermion formalism and its anomaly inflow?

ℤN

U(1)

|gCS⟩
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• A state has a long-range entanglement iff it is not short-range 
entangled. 

• A state  has a short-range entanglement iff there is (finite-depth) 
local unitary evolution such that  

|Φ⟩
|Φ⟩ = U |Φprod⟩

Upiecewise

Long-range entangled state

≠
Product state

[Chen-Gu-Wen]

SPT in gCS
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• A state has a nontrivial SPT order if it is SRE and it is not a trivial SPT.

• A symmetric state  has a trivial SPT order with respect to a 
symmetry  iff there is (finite-depth) symmetric local unitary evolution 
such that  

|Φ⟩
G
|Φ⟩ = Usym |Φprod⟩

Usym

≠
SPT ordered state Product state
Symmetric-SRE

[Chen-Gu-Wen]

SPT in gCS

129


