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東大マークには、使用時の最小サイズが設定
されています。本項で示された最小サイズ以
下で使用すると、東大マークの再現性を著し
く損なう恐れがあり、表示を正確に伝達するこ

とができなくなります。この最小使用サイズは
、東大マークの印刷物における再生上の規定
です。使用する媒体の特性やスペース等を十
分に検討し、最適のサイズで使用してくださ

い。また、印刷方式、媒体の条件などによって
もマークの再現性が異なることについても
注意が必要です。

最小サイズ
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基本型 1Basic
Design 

• 量子多体系の（古典計算機での）計算 
• 量子計算機を使った計算



コンテンツ
• はじめに 

• テンソルとテンソルネットワーク 
• 量子状態の表現と古典計算の困難 
• テンソルネットワークの基礎 

• 量子状態の情報圧縮 
• テンソルネットワーク分解 
• 量子状態のエンタングルメント 

• 種々のテンソルネットワークと量子エンタングルメント 
• テンソルネットワークの多彩な応用例 
• 量子物性への応用 

• 2次元無限系の計算手法 

• Kitaev模型への応用例 
• 量子コンピュータへの期待と応用例 

• まとめ
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テンソル？

：• ベクトル

• 行列 ：

1次元的な数字の並び

　2次元的な数字の並び

• (n階の）テンソル ： 　n次元的な数字の並び

一般化

【基本的な演算＝縮約】

行列積：

縮約：

"足"が多くなると 
表記が複雑...



ダイアグラムを用いたテンソル表記

：• ベクトル

• 行列 ：

：• テンソル

＊n階のテンソル＝n本の足テンソルの積（縮約）の表現

＝ A BC

AB

C

D ＝



縮約の計算量

の計算量=

行列積： A, B =

＝ A BC

A B＝

テンソル縮約： A = 
B =

の計算量=

C

3本

4本

• 縮約の計算量はダイアグラムの足の数で分かる 
• （メモリ使用量も分かる）

ダイアグラムとの対応

4本



縮約の計算量と計算順

AB

C

D ＝
テンソル縮約：

A = 
B = 
C =

の計算量=

Case 1:

AB

C

AB

Case 2:

A

C
AC

Bの計算量=

縮約の評価順で計算量が変わる！ ＊最適順序の決定はNP困難。実用的なアルゴリズム例
R.N.C. Pfeifer, et al., Phys. Rev. E 90, 033315 (2014).



テンソルネットワーク
テンソルネットワーク（TN）：テンソルの縮約で構成されたネットワーク

• Openな足：あり or なし 
• Openな足があり：TN自身が大きなテンソル 
• Openな足がなし：TNは数字 

• ネットワーク構造：規則的 or 不規則 
• ネットワーク構造は問題に応じて変わる 

• 例：スピン模型の分配関数は規則的 
• 例：分子の多体電子状態は不規則 

• ネットワークサイズ：有限 or 無限 
• 基本的に有限だが、場合によっては無限系も 
取り扱える

【（ざっくりした）分類】



テンソルネットワークの例1：統計物理学
古典イジング模型（磁性体のモデル）

温度T での確率分布：ボルツマン分布

熱力学自由エネルギー

状態：

(2Nの和)

逆温度：

分配関数：

A

【分配関数のテンソルネットワーク表示】

A

A

A

A

A

A

A

A

A
• Openな足は"なし" 
•規則的 
•有限～無限



テンソルネットワークの例2：量子回路
量子回路：
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developed fast, high-fidelity gates that can be executed simultaneously 
across a two-dimensional qubit array. We calibrated and benchmarked 
the processor at both the component and system level using a powerful 
new tool: cross-entropy benchmarking11. Finally, we used component-
level fidelities to accurately predict the performance of the whole sys-
tem, further showing that quantum information behaves as expected 
when scaling to large systems.

A suitable computational task
To demonstrate quantum supremacy, we compare our quantum proces-
sor against state-of-the-art classical computers in the task of sampling 
the output of a pseudo-random quantum circuit11,13,14. Random circuits 
are a suitable choice for benchmarking because they do not possess 
structure and therefore allow for limited guarantees of computational 
hardness10–12. We design the circuits to entangle a set of quantum bits 
(qubits) by repeated application of single-qubit and two-qubit logi-
cal operations. Sampling the quantum circuit’s output produces a set 
of bitstrings, for example {0000101, 1011100, …}. Owing to quantum 
interference, the probability distribution of the bitstrings resembles 
a speckled intensity pattern produced by light interference in laser 
scatter, such that some bitstrings are much more likely to occur than 
others. Classically computing this probability distribution becomes 
exponentially more difficult as the number of qubits (width) and number 
of gate cycles (depth) grow.

We verify that the quantum processor is working properly using a 
method called cross-entropy benchmarking11,12,14, which compares how 
often each bitstring is observed experimentally with its corresponding 
ideal probability computed via simulation on a classical computer. For 
a given circuit, we collect the measured bitstrings {xi} and compute the 
linear cross-entropy benchmarking fidelity11,13,14 (see also Supplementary 
Information), which is the mean of the simulated probabilities of the 
bitstrings we measured:

F P x= 2 " ( )# − 1 (1)n
i iXEB

where n is the number of qubits, P(xi) is the probability of bitstring xi 
computed for the ideal quantum circuit, and the average is over the 
observed bitstrings. Intuitively, FXEB is correlated with how often we 
sample high-probability bitstrings. When there are no errors in the 
quantum circuit, the distribution of probabilities is exponential (see 
Supplementary Information), and sampling from this distribution will 
produce F = 1XEB . On the other hand, sampling from the uniform  
distribution will give "P(xi)#i = 1/2n and produce F = 0XEB . Values of FXEB 
between 0 and 1 correspond to the probability that no error has occurred 
while running the circuit. The probabilities P(xi) must be obtained from 
classically simulating the quantum circuit, and thus computing FXEB is 
intractable in the regime of quantum supremacy. However, with certain 
circuit simplifications, we can obtain quantitative fidelity estimates of 
a fully operating processor running wide and deep quantum circuits.

Our goal is to achieve a high enough FXEB for a circuit with sufficient 
width and depth such that the classical computing cost is prohibitively 
large. This is a difficult task because our logic gates are imperfect and 
the quantum states we intend to create are sensitive to errors. A single 
bit or phase flip over the course of the algorithm will completely shuffle 
the speckle pattern and result in close to zero fidelity11 (see also Sup-
plementary Information). Therefore, in order to claim quantum suprem-
acy we need a quantum processor that executes the program with 
sufficiently low error rates.

Building a high-fidelity processor
We designed a quantum processor named ‘Sycamore’ which consists 
of a two-dimensional array of 54 transmon qubits, where each qubit is 
tunably coupled to four nearest neighbours, in a rectangular lattice. The 

connectivity was chosen to be forward-compatible with error correc-
tion using the surface code26. A key systems engineering advance of this 
device is achieving high-fidelity single- and two-qubit operations, not 
just in isolation but also while performing a realistic computation with 
simultaneous gate operations on many qubits. We discuss the highlights 
below; see also the Supplementary Information.

In a superconducting circuit, conduction electrons condense into a 
macroscopic quantum state, such that currents and voltages behave 
quantum mechanically2,30. Our processor uses transmon qubits6, which 
can be thought of as nonlinear superconducting resonators at 5–7 GHz. 
The qubit is encoded as the two lowest quantum eigenstates of the 
resonant circuit. Each transmon has two controls: a microwave drive 
to excite the qubit, and a magnetic flux control to tune the frequency. 
Each qubit is connected to a linear resonator used to read out the qubit 
state5. As shown in Fig. 1, each qubit is also connected to its neighbouring 
qubits using a new adjustable coupler31,32. Our coupler design allows us 
to quickly tune the qubit–qubit coupling from completely off to 40 MHz. 
One qubit did not function properly, so the device uses 53 qubits and 
86 couplers.

The processor is fabricated using aluminium for metallization and 
Josephson junctions, and indium for bump-bonds between two silicon 
wafers. The chip is wire-bonded to a superconducting circuit board 
and cooled to below 20 mK in a dilution refrigerator to reduce ambient 
thermal energy to well below the qubit energy. The processor is con-
nected through filters and attenuators to room-temperature electronics, 

Qubit Adjustable coupler

a

b

10 mm

Fig. 1 | The Sycamore processor. a, Layout of processor, showing a rectangular 
array of 54 qubits (grey), each connected to its four nearest neighbours with 
couplers (blue). The inoperable qubit is outlined. b, Photograph of the  
Sycamore chip.

F. Arute, et al., Nature 574, 505 (2019)量子ビットに演算するゲート操作の回路図

googleの"量子超越" 回路

2次元のベクトル。 

適当な基底、（ ）で 
表現すると2次元の複素ベクトル

|0⟩, |1⟩
適当な基底の元では、ユニタリ
行列（or "テンソル"）
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single-qubit gates chosen randomly from X Y W{ , , } on all qubits, 
followed by two-qubit gates on pairs of qubits. The sequences of gates 
which form the ‘supremacy circuits’ are designed to minimize the circuit 
depth required to create a highly entangled state, which is needed for 
computational complexity and classical hardness.

Although we cannot compute FXEB in the supremacy regime, we can 
estimate it using three variations to reduce the complexity of the circuits. 
In ‘patch circuits’, we remove a slice of two-qubit gates (a small fraction 
of the total number of two-qubit gates), splitting the circuit into two 
spatially isolated, non-interacting patches of qubits. We then compute 
the total fidelity as the product of the patch fidelities, each of which can 
be easily calculated. In ‘elided circuits’, we remove only a fraction of the 
initial two-qubit gates along the slice, allowing for entanglement 
between patches, which more closely mimics the full experiment while 
still maintaining simulation feasibility. Finally, we can also run full 
‘verification circuits’, with the same gate counts as our supremacy cir-
cuits, but with a different pattern for the sequence of two-qubit gates, 
which is much easier to simulate classically (see also Supplementary 
Information). Comparison between these three variations allows us to 
track the system fidelity as we approach the supremacy regime.

We first check that the patch and elided versions of the verification 
circuits produce the same fidelity as the full verification circuits up to 
53 qubits, as shown in Fig. 4a. For each data point, we typically collect 
Ns = 5 × 106 total samples over ten circuit instances, where instances 
differ only in the choices of single-qubit gates in each cycle. We also 
show predicted FXEB values, computed by multiplying the no-error prob-
abilities of single- and two-qubit gates and measurement (see also Sup-
plementary Information). The predicted, patch and elided fidelities all 
show good agreement with the fidelities of the corresponding full cir-
cuits, despite the vast differences in computational complexity and 
entanglement. This gives us confidence that elided circuits can be used 
to accurately estimate the fidelity of more-complex circuits.

The largest circuits for which the fidelity can still be directly verified 
have 53 qubits and a simplified gate arrangement. Performing random 
circuit sampling on these at 0.8% fidelity takes one million cores 130 
seconds, corresponding to a million-fold speedup of the quantum pro-
cessor relative to a single core.

We proceed now to benchmark our computationally most difficult 
circuits, which are simply a rearrangement of the two-qubit gates. In 
Fig. 4b, we show the measured FXEB for 53-qubit patch and elided ver-
sions of the full supremacy circuits with increasing depth. For the larg-
est circuit with 53 qubits and 20 cycles, we collected Ns = 30 × 106 samples 
over ten circuit instances, obtaining F = (2.24 ±0.21) × 10XEB

−3  for the 
elided circuits. With 5σ confidence, we assert that the average fidelity 

of running these circuits on the quantum processor is greater than at 
least 0.1%. We expect that the full data for Fig. 4b should have similar 
fidelities, but since the simulation times (red numbers) take too long to 
check, we have archived the data (see ‘Data availability’ section). The 
data is thus in the quantum supremacy regime.

The classical computational cost
We simulate the quantum circuits used in the experiment on classical 
computers for two purposes: (1) verifying our quantum processor and 
benchmarking methods by computing FXEB where possible using sim-
plifiable circuits (Fig. 4a), and (2) estimating FXEB as well as the classical 
cost of sampling our hardest circuits (Fig. 4b). Up to 43 qubits, we use 
a Schrödinger algorithm, which simulates the evolution of the full quan-
tum state; the Jülich supercomputer (with 100,000 cores, 250 terabytes) 
runs the largest cases. Above this size, there is not enough random access 
memory (RAM) to store the quantum state42. For larger qubit numbers, 
we use a hybrid Schrödinger–Feynman algorithm43 running on Google 
data centres to compute the amplitudes of individual bitstrings. This 
algorithm breaks the circuit up into two patches of qubits and efficiently 
simulates each patch using a Schrödinger method, before connecting 
them using an approach reminiscent of the Feynman path-integral. 
Although it is more memory-efficient, the Schrödinger–Feynman algo-
rithm becomes exponentially more computationally expensive with 
increasing circuit depth owing to the exponential growth of paths with 
the number of gates connecting the patches.

To estimate the classical computational cost of the supremacy circuits 
(grey numbers in Fig. 4b), we ran portions of the quantum circuit simu-
lation on both the Summit supercomputer as well as on Google clusters 
and extrapolated to the full cost. In this extrapolation, we account for 
the computation cost of sampling by scaling the verification cost with 
FXEB, for example43,44, a 0.1% fidelity decreases the cost by about 1,000. 
On the Summit supercomputer, which is currently the most powerful 
in the world, we used a method inspired by Feynman path-integrals that 
is most efficient at low depth44–47. At m = 20 the tensors do not reason-
ably fit into node memory, so we can only measure runtimes up to m = 14, 
for which we estimate that sampling three million bitstrings with 1% 
fidelity would require a year.

On Google Cloud servers, we estimate that performing the same task 
for m = 20 with 0.1% fidelity using the Schrödinger–Feynman algorithm 
would cost 50 trillion core-hours and consume one petawatt hour of 
energy. To put this in perspective, it took 600 seconds to sample the 
circuit on the quantum processor three million times, where sampling 
time is limited by control hardware communications; in fact, the net 

Single-qubit gate:
25 ns

Qubit
XY control

Two-qubit gate:
12 ns

Qubit 1
Z control

Qubit 2
Z control

Coupler
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Time
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Fig. 3 | Control operations for the quantum supremacy circuits. a, Example 
quantum circuit instance used in our experiment. Every cycle includes a layer 
each of single- and two-qubit gates. The single-qubit gates are chosen randomly 
from X Y W{ , , }, where  W X Y= ( + )/ 2  and gates do not repeat sequentially. 
The sequence of two-qubit gates is chosen according to a tiling pattern, 
coupling each qubit sequentially to its four nearest-neighbour qubits. The 

couplers are divided into four subsets (ABCD), each of which is executed 
simultaneously across the entire array corresponding to shaded colours. Here 
we show an intractable sequence (repeat ABCDCDAB); we also use different 
coupler subsets along with a simplifiable sequence (repeat EFGHEFGH, not 
shown) that can be simulated on a classical computer. b, Waveform of control 
signals for single- and two-qubit gates.

量子回路=テンソルネットワーク • Openな足は"あり" 
• "なし"もある 

•不規則 
•有限

量子コンピュータの古典シミュレーション 
＝テンソルネットワークの縮約

googleの"量子超越" 回路 F. Arute, et al., Nature 574, 505 (2019)



テンソルネットワークによる量子回路シミュレーション
量子回路のシミュレーション=テンソルネットワークの縮約

古典コンピュータでの計算： 
実際の回路の実行順序によらず、最適な順番でテンソルの縮
約計算を行うことで、計算コスト、メモリコストが低下

最先端の計算： Y. A. Liu, et al., Gordon bell Prize in SC21 (2021), 

Googleが量子超越を主張したランダム量子回路の古典サンプリング
10,000年 304秒！ （cf. 量子コンピュータ=200秒）

（最初の見積もり）

https://www.doi.org/10.1145/3458817.3487399


テンソルネットワークの例3：量子多体状態
量子多体状態：

<latexit sha1_base64="XkC8uXv0uT1Qilx+79HHlBouX2k="></latexit>

量子多体状態 (a)

小さいテンソルに分解

(b) (c)
PEPS (for 2d system)

基底
量子スピン・bit：

量子化学：
i = 原子軌道・分子軌道の占有数

係数はテンソル

• 一般の状態（ランダムベクトル）に比べて、少ない量子相関 
• c.f. エンタングルメントエントロピーの面積則

量子多体系の低エネルギー状態：

テンソルネットワークによる高精度の近似
• Openな足は"あり" 
•規則・不規則 
•有限・無限

~eNの独立要素

テンソルネットワーク分解

量子相関の 
特徴を利用した近似

~O(N)の独立要素



テンソルネットワークによる近似シミュレーション

量子回路の近似シミュレーション

古典コンピュータでの計算： 
量子回路に従って移り変わる量子状態をテンソルネットワー
クで近似的に表現する

• 初期は小さいテンソルで表現可能 
• 非常に多くのqubitを古典コンピュータで取り扱える 

• 回路が深くなると、一般にテンソルが大きくなる 
• 計算を進めるには（テンソルを小さく保つ）近似が必要 
• 深くなればなるほど、近似精度が低下



テンソルネットワークの例4：テンソル型データ
任意のテンソル型データ 

テンソルネットワーク分解

情報の相関構造の 
特徴を利用した近似

テンソル型データ

T

：量子多体状態と同様にして分解可能
• Openな足は"あり" 
•規則・不規則 
•有限

ZE-FENG GAO et al. PHYSICAL REVIEW RESEARCH 2, 023300 (2020)

FIG. 1. (a) Graphical representation of the weight matrix W in a
fully connected layer. The blue circles represent neurons, e.g., pixels.
The solid line connecting an input neuron xi with output neuron
y j represents the weight element Wji. (b) MPO factorization of the
weight matrix W . The local operators w(k) are represented by filled
circles. The hollow circles denote the input and output indices, il and
jl , respectively. Given ik and jk , w(k)[ jk, ik] is a matrix.

different kernels are used to extract different features. A
graphical representation of W is shown in Fig. 1(a).

Usually, the number of elements or neurons, Nx and Ny, are
very large, and thus there are a huge number of parameters
to be determined in a fully connected layer [9]. The convo-
lutional layer reduces the variational parameters by grouping
the input elements into many partially overlapped kernels, and
one output element is connected to one kernel. The number of
variational parameters in a convolutional layer is determined
by the number of kernels and the size of each kernel. It could
be much less than that in a fully connected layer. However, the
total number of parameters in all the convolutional layers can
still be very large in a deep neural network which contains
many convolutional layers [10]. To train and store these
parameters raises a big challenge in this field. First, it is time
consuming to train and optimize these parameters, and may
even increase the probability of overfitting. This would limit
the generalization power of deep neural networks. Second,
it needs a big memory space to store these parameters. This
would limit its applications where the space of hard disk is
strongly confined; for example, on mobile terminals.

There are similar situations in the context of quantum in-
formation and condensed-matter physics. In a quantum many-
body system, the Hamiltonian or any other physical operator
can be expressed as a higher-order tensor in the space spanned
by the local basis states [33]. To represent exactly a quantum
many-body system, the total number of parameters that need
to be introduced can be extremely huge, and should in prin-
ciple grow exponentially with the system size (or the size of
each “image” in the language of neural network). The matrix
product operator (MPO) was originally proposed in physics to
characterize the short-range entanglement in one-dimensional
quantum systems [34,35], and is now a commonly used
approach to represent effectively a higher-order tensor or
Hamiltonian with short-range interactions. Mathematically, it
is simply a tensor-train approximation [36,37] that is used to
factorize a higher-order tensor into a sequential product of
the so-called local tensors. Using the MPO representation, the
number of variational parameters needed is greatly reduced

since the number of parameters contained in an MPO just
grows linearly with the system size. Nevertheless, it turns
out that to provide an efficient and faithful representation
of the systems with short-range interactions whose entangle-
ment entropies are upper bounded [38,39] or, equivalently,
the systems with finite excitation gaps in the ground states.
The application of MPOs in condensed-matter physics and
quantum information science has achieved great successes
[40,41] in the past decade.

In this paper, we propose to solve the parameter problem in
neural networks by employing the MPO representation, which
is illustrated in Fig. 1(b) and expressed in Eq. (5). The starting
point is the observation that the linear transformations in a
commonly used deep neural network have a number of similar
features as the quantum operators, which may allow us to
simplify their representations. In a fully connected layer, for
example, it is well known that the rank of the weight matrix
is strongly restricted [42–44] due to short-range correlations
or entanglements among the input pixels. This suggests that
we can safely use a lower-rank matrix to represent this layer
without affecting its prediction power. In a convolutional
layer, the correlations of images are embedded in the kernels,
whose sizes are generally very small in comparison with the
whole image size. This implies that the “extracted features”
from this convolution can be obtained from very local clusters.
In both cases, a dense weight matrix is not absolutely neces-
sary to perform a faithful linear transformation. This peculiar
feature of linear transformations results from the fact that the
information hidden in a data set is just short-range correlated.
Thus, to accurately reveal the intrinsic features of a data set,
it is sufficient to use a simplified representation that catches
more accurately the key features of local correlations. This
motivates us to adopt MPOs to represent linear transformation
matrices in deep neural networks.

There have been several applications of tensor network
structures in neural networks [37,45–50]. Our approach dif-
fers from them by the following aspects: (1) It is physically
motivated, emphasizes more on the local structure of the
relevant information, and helps to understand the success of
deep neural networks. (2) It works in the framework of neural
networks, in the sense that the multiple-layer structure and
activation functions are still retained and the parameters are
entirely optimized through algorithms developed in neural
networks. (3) It is a one-dimensional representation, and is
flexible to represent the linear transformations including both
the fully connected layers and the entire convolutional layers.
(4) It is also used to characterize the complexity of image data
sets. (5) A systematic study has been done. These issues will
become clear in the following sections.

The rest of the paper is structured as follows. In Sec. II,
we present the way the linear layers can be represented by
MPO and the training algorithm of the resulting network. In
Sec. III, we apply our method systematically to five main
neural networks, including FC2, LeNet-5, VGG, ResNet, and
DenseNet on two widely used data sets, namely, MNIST and
CIFAR-10. Experiments on more data sets can be found in
Sec. II. A in the Supplemental Material (SM) [51]. Finally, in
Sec. IV, we discuss the relation with previous efforts and the
possibility to construct a framework of neural networks based
on the matrix product representations in the future. In the SM

023300-2

xi: input neuron (pixel)
yi: output neuron 

: weight matrix connecting x and yWij

例２：ニューラルネットワークの重み行列
(Z.-F. Gao et al, Phys. Rev. Research 2, 023300 (2020).)

例1：画像データセット

Q. ZHAO et al. TENSOR RING DECOMPOSITION 10

TABLE 2
The results under different shifts of dimensions on functional data f2(x) with error bound setting to 10�3 . For the 10th-order tensor, all 9

dimension shifts were considered and the average rank r̄ as well as the number of total parameters Np are compared.

r̄ Np

1 2 3 4 5 6 7 8 9 1 2 3 4 5 6 7 8 9
TT-SVD 5.2 5.8 6 6.2 7 7 8.5 14.6 8.4 1512 1944 2084 2144 2732 2328 3088 10376 3312
TR-SVD 5.2 5.8 5.9 6.2 9.6 10 14 12.7 6.5 1512 1944 2064 2144 4804 4224 9424 7728 2080
TR-ALS 5 5 5 5 5 5 5 5 5 1360 1360 1360 1360 1360 1360 1360 1360 1360

TR-ALSAR 5.5 6.6 6.2 5.2 5.3 5.8 6.9 5.3 4.7 1828 2064 1788 1544 1556 1864 2832 1600 1324
TR-BALS 5 4.9 5 4.9 4.9 5 5 4.8 4.9 1384 1324 1384 1348 1348 1384 1384 1272 1324

However, the TR-ranks are usually unknown in practice,
we must resort to TR-ALSAR and TR-BALS that can adapt
TR-ranks automatically based on the error tolerance. As
compared with TR-ALSAR, TR-BALS can obtain more com-
pact representation together with smaller relative errors. In
addition, TR-BALS can even outperform TR-ALS in several
cases, implying that TR-ranks obtained from TR-SVD are
not always the optimal one. More detailed results can be
found in Table 2. These experiments demonstrate that TR
decomposition is stable, flexible and effective for general
data, while TT decomposition has strict limitations on data
organization. Therefore, we can conclude that TR model is a
more generalized and powerful representation with higher
compression ability as compared to TT.

In the next experiment, we consider higher order tensors
which are known to be represented well by TR model. We
simplify the TR-ranks as r1 = r2 = · · · = rd that are
varied from 1 to 4, n1 = n2 = · · · = nd = 4 and d = 10.
The cores, Gk, (k = 1, . . . , d), were drawn from the normal
distribution, which are thus used to generate a 10th-order
tensor. We firstly apply different algorithms with the setting
of ✏p = 10�3 to T generated by using different ranks.
Subsequently, we also consider Gaussian noise corrupted
tensor T +N (0,�2) with SNR=40dB and apply these algo-
rithms with the setting of ✏p = 10�2. As shown in Table 3,
the maximum rank of TT-SVD increases dramatically when
the true rank becomes larger and is approximately r2true,
which thus results in a large number of parameters Np (i.e.,
low compression ability). TR-SVD performs similarly to TT-
SVD, which also shows low compression ability when the
true rank is high. For TR-ALS, since the true rank is given
manually, it shows the best result and can be used as the
baseline to evaluate the other TR algorithms. In contrast to
TT-SVD and TR-SVD, both TR-ALSAR and TR-BALS are
able to adapt TR-ranks according to ✏p, resulting in the
significantly lower rank reflected by rmax and lower model
complexity reflected by Np. As compared to TR-BALS, TR-
ALSAR is prone to overestimate the rank and computation
cost is relatively high. The experimental results show that
TR-BALS can learn the TR-ranks correctly in all cases, and
the number of parameters Np are exactly equivalent to the
baseline, meanwhile, the running time is also reasonable.
For the noisy tensor data, we observe that TT-SVD and TR-
SVD are affected significantly with rmax becoming 361 and
323 when true rank is only 1, which thus results in a poor
compression ability. This indicates that TT-SVD and TR-SVD
are sensitive to noise and prone to overfitting problems. By
contrast, TR-ALS, TR-ALSAR, and TR-BALS obtain impres-

sive results that are similar to that in noise free cases. TR-
ALSAR slightly overestimates the TR-ranks. It should be
noted that TR-BALS can estimate the true rank correctly
and obtain the best compression ratio as TR-ALS given
true rank. In addition, TR-BALS is more computationally
efficient than TR-ALSAR. In summary, TT-SVD and TR-
SVD have limitations for representing the tensor data with
symmetric ranks, and this problem becomes more severe
when noise is considered. The ALS algorithm can avoid this
problem due to the flexibility on distribution of ranks. More
detailed results can be found in Table 3.

6.2 COIL-100 dataset

Fig. 3. The reconstruction of Coil-100 dataset by using TRSVD. The
top row shows the original images, while the reconstructed images are
shown from the second to sixth rows corresponding to ✏=0.1, 0.2, 0.3,
0.4, 0.5, respectively.

In this section, the proposed TR algorithms are evalu-
ated and compared with TT and CP decompositions on
Columbia Object Image Libraries (COIL)-100 dataset [56]
that contains 7200 color images of 100 objects (72 images
per object) with different reflectance and complex geometric
characteristics. Each image can be represented by a 3rd-
order tensor of size 128⇥ 128⇥ 3 and then is downsampled
to 32 ⇥ 32 ⇥ 3. Hence, the dataset can be finally organized
as a 4th-order tensor of size 32 ⇥ 32 ⇥ 3 ⇥ 7200. In Fig. 3,
we show the reconstructed images under different relative
errors ✏ 2 {0.1, . . . , 0.5} which correspond to different set
of TR-ranks rTR. Obviously, if rTR are small, the images
are smooth and blurred, while the images are more sharp
when rTR are larger. This motivates us to apply TR model
to extract the abstract information of objects by using low-
dimensional cores, which can be considered as the feature

COIL-100 dataset  = 32 x 32 x 3 x 7200 テンソル
ピクセル 色 画像数

(Q. Zhao, et al arXiv:1606.05535)

M1 M2

M3M4

rテンソルリング分解
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物質科学における多彩な現象
• 化学反応 
• 超伝導 
• トポロジカル状態 
• ...

多数の"粒子"が量子力学に従って"運動"

量子多体問題

量子力学の支配方程式＝シュレディンガー方程式
：ハミルトニアン（行列）
：状態ベクトル

エネルギー
= 固有値問題時間に依存 

しない場合

wikipedia"マイスナー効果", "トーラス"より

量子多体問題



量子ビットの多体系
1 qubit １つの量子ビットの状態は２つの基底ベクトルで表現

2次元ベクトル

2 qubits ２つの量子ビット系の状態は４つの基底ベクトルで表現
4次元ベクトル

（簡略化した表現：

N qubits
状態を表すベクトルの次元 2N

指数関数的に大きい！

確率

＊重ね合わせ？
で状態

確率 で状態
を観測



量子多体問題の困難
シュレディンガー方程式：

N量子ビットの場合
：2N × 2Nの行列
：2N次元のベクトル

• ベクトル空間の次元は"粒子数"に対して指数関数的に大きい 
• 量子多体問題～「巨大な行列」の固有値問題

スパコンを用いても、 50 qubits程度しか計算できない

古典コンピュータでこの運動方程式を厳密に解くには、 
膨大なメモリと膨大な計算時間が必要

古典計算機では計算できないことを 
“計算”できる可能性！

量子コンピュータ＝高度に制御された量子系
Cf. H. De Raedt, et al., Comput. Phys. Commun. 237, 47 (2019). 古典計算機でどれくらい頑張れる？
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テンソルネットワークの数値計算
テンソルネットワークを用いた応用の基本計算要素
• テンソルの縮約 

• 基本的に、2つずつ縮約計算をする 
• テンソルを行列に変形し、BLASなどを用いる 

• テンソルの低ランク近似 
• 特異値分解による低ランク近似の拡張 
• 近似的な縮約を行う目的などに用いられる 
• 多くの場合、テンソルを行列に変形し、行列の特異値分解を用いる 

• テンソルの線形問題 
• テンソルから構成される行列の（一般化）固有値問題 
• 量子多体問題、テンソル分解などの"最適化"で使用
テンソルの基本演算は、（現状は）行列に変形して行われる

cf. TBLIS テンソル向けのBLAS（BLIS= BLAS-like Library Instantiation Software)
https://github.com/devinamatthews/tblis

https://github.com/devinamatthews/tblis


テンソルの行列への変形

i

j

k

l

テンソルの足をまとめて行列とみなす
i

j
k

l

i

j

k

l

(0,0) → 0 
(0,1) → 1 
(1,0) → 2 
(1,1) → 3

i, l = 0, 1のとき

テンソル 
形状

• テンソル用のライブラリで簡単に行える。（例：numpy.reshape) 
• 行列への変形は一般に、一意ではない 

• どの様に行列化するかは、目的に合わせる

ダイアグラム



テンソルネットワークの縮約
テンソルネットワーク縮約の計算量

ループのないツリー型の構造以外では、 
計算量はテンソル数に関して、指数関数的に増大する

端から順に縮約：

長さNのchain L×Lのsquare lattice

端から順に縮約：

局所テンソル：

局所テンソル：

大規模なテンソルネットワーク縮約は近似的に評価
2d 規則TNに対する汎用的アプローチ： • テンソル繰り込み 

• 行列積状態法 
• 角転送繰り込み群

＊不規則でも同種の近似は可能
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量子状態の圧縮可能性
指数関数的に大きな状態空間を古典計算機で全て扱うことは不可能

実効的な次元を減らしたい 全状態空間

部分空間

どんな時に情報を圧縮して表現できるだろうか？

（１）ほとんどの係数がゼロ（またはとても小さい）

例：古典的状態
非ゼロの成分に対応する基底の情報（整数）のみを保持

（２）係数の間になんらかの相関構造が存在

相関構造と独立な成分だけを保持

例：直積状態



行列の情報圧縮：低ランク近似
A B量子系を二つの部分に分ける

係数を表す「行列」を近似して情報圧縮したい！
低ランク近似：

行列Mの低ランク行列での近似

いらない情報をそぎ落として、重要な情報だけを残す
近似の精度

を満たす最適な低ランク近似は 
特異値分解（SVD）から得られる



行列の情報圧縮：特異値分解
任意のN×M行列は以下の形に一意に分解できる特異値分解：

：特異値 と並べると便利

rank(A) = 非ゼロの特異値の数

：一般化ユニタリ行列

Mの最適なRランク近似： 特異値を大きい方からR個だけ残し、 
残りをゼロで置き換える

A =

:M×N 
(M ≦ N)

:M×M :R×R
≃
近似

:(M,N)×R:(M,N)×M

これのテンソルへの拡張？



局所空間の積の構造を持つベクトル空間（テンソル）

テンソルネットワーク分解
ターゲット:

例：量子状態

*局所的な空間の次元は異なっても良い

<latexit sha1_base64="XkC8uXv0uT1Qilx+79HHlBouX2k="></latexit>

量子多体状態

係数はテンソル

~eNの独立要素

テンソルネットワーク分解

量子相関の 
特徴を利用した近似

~O(N)の独立要素



良いテンソルネットワーク？

<latexit sha1_base64="XkC8uXv0uT1Qilx+79HHlBouX2k="></latexit>

量子多体状態

係数はテンソル

~eNの独立要素

テンソルネットワーク分解

量子相関の 
特徴を利用した近似

~O(N)の独立要素

良いネットワーク = 量子的な相関を適切に捉えているもの
量子相関が小さい：
量子相関が大きい：

（直積状態）

（ベル状態）

量子相関の定量的な特徴づけ？
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量子状態のシュミット分解
量子状態：

シュミット分解
量子系を二つの部分に分ける

A

B

正規直交基底

シュミット係数

量子状態は一般にそれぞれの空間での 
適切な直交基底の重ね合わせで表現できる

A B

A B
<latexit sha1_base64="ZU1UFVOI4sQ5r55FgImhtnwW0DE="></latexit>

<latexit sha1_base64="JzhxCAIkIqTxgCdAElfwhSUhGpw="></latexit>

<latexit sha1_base64="P26lwto5EHsA9yx6r1kobN3kdd8="></latexit>



特異値分解とシュミット分解

特異値分解

特異値：

特異ベクトル：

シュミット分解との関係：

量子状態の特異値分解 = シュミット分解

非ゼロのシュミット係数の数は、行列Mのランクに対応



量子状態のシュミットランク

シュミットランク＝非ゼロのシュミット係数の数
シュミットランクは二つの “領域” A, Bの間の量子相関を特徴づける

A B

A

B

• シュミットランク = 1

量子状態はある二つの状
態の単一の積で表される

直積状態
• シュミットランク > 1

量子状態は二つ以上の 
直積状態の和で表される

（非局所相関の期限。Cf. 2022年のノーベル物理学賞）



（補足）縮約密度行列

*Note:

: Aの空間で半正定値の正方行列

密度行列：

縮約密度行列：

*Note: 一般に

A
B

量子状態： <latexit sha1_base64="XkC8uXv0uT1Qilx+79HHlBouX2k="></latexit>

<latexit sha1_base64="XkC8uXv0uT1Qilx+79HHlBouX2k="></latexit>

<latexit sha1_base64="XkC8uXv0uT1Qilx+79HHlBouX2k="></latexit>

密度行列の一部の自由度 (in)だけトレースをとる

<latexit sha1_base64="XkC8uXv0uT1Qilx+79HHlBouX2k="></latexit>

<latexit sha1_base64="XkC8uXv0uT1Qilx+79HHlBouX2k="></latexit>



エンタングルメントエントロピー
エンタングルメントエントロピー（EE）：

部分系の縮約密度行列：

エンタングルメントエントロピー ＝ ρA を確率分布として見た時のエントロピー

シュミット分解：

エンタングルメントエントロピーはシュミット係数
の二乗を確率分布とした時のエントロピー

A B

（これより、                              で計算しても同じ値になる)
<latexit sha1_base64="Ym4qVf86p50626BGaWoJJ4trDPU="></latexit>

<latexit sha1_base64="aq6lugQpeUFXwY4/Xr2ijOOfacU="></latexit>



エンタングルメントエントロピーの振る舞い
エンタングルメントエントロピー= シュミット係数のスペクトルと関係

減衰が遅いと大きなエントロピー

<latexit sha1_base64="pBJuQ7Nd/lroIC83q9fp5utsWvE="></latexit>

•  

<latexit sha1_base64="DolE82ZTdmKYUvHr70/tNdZJGkA="></latexit>

• 平なスペクトル

<latexit sha1_base64="oKKi2zbIIIasse7Ui9PF/eoIZUg="></latexit>

<latexit sha1_base64="pyUeJScTW1Jy5ZkuJONmf0VIzxQ="></latexit>

<latexit sha1_base64="oXqPbYyFxuKp5zA/S40TWl4KoDA="></latexit>

<latexit sha1_base64="aq6lugQpeUFXwY4/Xr2ijOOfacU="></latexit>

Normalization:

<latexit sha1_base64="YGrob30OcXkKKWLNC20YpK7LGVo="></latexit>

• 指数関数的な減少

<latexit sha1_base64="wOf2K8MfSa/fAPuSK7OPtcp1dtA="></latexit>

<latexit sha1_base64="YrromxkOdqxhNev60tO/iAaQsU8="></latexit>

<latexit sha1_base64="yAI3g+nk+vdZoixe9jhn5I3wlos="></latexit>



エンタングルメントエントロピーの面積則

一次元的な相互作用をする量子系の場合

一般の量子状態：

A

B

L

EE は 部分系の体積（量子ビットの数）に比例する

低エネルギーの量子状態：
多くの場合、EEは部分系の境界面積に比例する

A B

J. Eisert, M. Cramer, and M. B. Plenio, Rev. Mod. Phys, 277, 82 (2010)

M.B. Hastings, J. Stat. Mech.: Theory Exp. P08024 (2007)

自然界に現れる量子状態は広大なヒルベルト空間のうち 
面積則を満たす小さな空間内にいる！

(c.f. random vector)



シュミット係数の振る舞い
A B

物理系の最低エネルギー状態は 
シュミット係数が早く減衰

横磁場イジング模型 

(Γ = 0.4)
ランダムベクトル

横磁場イジング模型16スピン（16 量子ビット）の例



エンタングルメントエントロピーのスケーリング

Random
Transverse field Ising 

(Γ = 0.4)

ランダムベクトル：体積則 
最低エネルギー状態：面積則
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テンソルネットワークによる情報圧縮
指数関数的に大きな状態空間を古典計算機で全て扱うことは不可能

実効的な次元を減らしたい

情報のエンタングルメントに注目することで、 
適切な部分空間を構成

テンソルネットワーク分解：

全状態空間

部分空間

<latexit sha1_base64="XkC8uXv0uT1Qilx+79HHlBouX2k="></latexit>

テンソルネットワーク分解

量子エンタングルメ
ントの構造を利用

一般の量子状態



行列積状態 (MPS)

：index i の行列

MPS

注：

(U. Schollwöck, Annals. of Physics 326, 96 (2011))
(R. Orús, Annals. of Physics 349, 117 (2014))

Good reviews:

• MPS は応用数理では"tensor train decomposition" とも呼ばれている
(I. V. Oseledets, SIAM J. Sci. Comput. 33, 2295 (2011))

N本足のテンソル（ベクトル）を行列の積で表現

• 直積状態は 1×1 "行列" (スカラー) のMPSで表現できる



行列積状態への厳密な変換
任意のテンソル（ベクトル）は特異値分解を繰り返すことで 

厳密なMPS表現に常に変換できる
SVD of 

… この構成では行列の次元は場所に依存

最大のボンド次元 = aN/2

(row) (column)
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行列積状態における低ランク近似

最大ボンド次元 = aN/2=

最大ボンド次元 = χ

もし、もとのテンソルがボンド次元  の行列積状態で精度良く近似できれ
ば、Nの指数関数のデータ量をNの多項式にまで大幅に減らせる！

χ

• もし、エンタングルメントエントロピーがN に依存しない（S ~ O(1)）ならば、ボンド
次元  が N に依存しないようにできる。 

• 逆に、 EEが N と共に増大する場合、（同じ近似精度を保つには）、  もN と共に増大
させる必要がある。

χ
χ



補足：行列積状態とカノニカル形式

=

=

右カノニカル条件：左カノニカル条件：

:シュミット係数に対応する 
対角行列

=

=
=

= = 1

“規格化"



補足：行列積状態の量子回路への埋め込み

== 1

θ

θ*

=

MPSは、カノニカル形式に変換することで 
量子回路に “容易に”埋め込める



エンタングルメントエントロピーの上限

A B

:MPS with χ

領域Aの縮約密度行列

ρAの構造：



元の量子状態のEE MPS表現に必要なボンド次元

MPS表現のために必要なボンド次元

MPSでは、EEの上限は長さ（量子ビットの数）に依存しない
MPSの長さ ⇔ 状態ベクトルの次元



MPSの近似精度

16 量子ビットの場合
元の量子状態との距離：

横磁場イジング模型 
(Γ=0.4)

bond dimension

D
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階層構造を持つテンソルネットワーク
物理系の量子臨界点など

• 相関長が発散し特徴的な長さスケールがなくなる（スケール不変性） 
• 一次元の場合EEが S = log Nとなり量子ビット数に依存する

MPS Tree tensor network state
"scale"

(re
no

rm
ali

za
tio

n)

スケール不変性を示す単純なテンソルネットワーク
Tree tensor network state (TTN)



TTNのエンタングルメントエントロピー
木構造のため、二つの領域はただ一つのボンドでのみでつながる

A A A A A A A A B B B B B B B B

ここを切る

A A A A B B B B B B B B B B B B

ここを切る

TTNのエンタングルメントエントロピーはMPSと同様のスケーリング

TTNはスケール不変な振る舞いを表せるが、その量子相関は量子臨界点とは異なる

Isometry:



MERA

Multi-scale Entanglement Renormalization Ansatz (MERA)
アイソメトリーの前に、ユニタリ変換を挿入する

TTN MERA
Unitary tensor:

Isometry:

(G. Vidal, Phys. Rev. Lett. 99, 220405 (2007))
(G. Vidal, Phys. Rev. Lett. 101, 110501 (2008))



MERAのエンタングルメントエントロピー

A A A B B B B B B BB B B BB B

最小の切断ボンド数 = 2

A A A B B B B B B BB BA A A A

最小の切断ボンド数 = 3

新しく挿入したユニタリ変換の影響で、 
二つの領域をつなぐボンドの数が対数的に増大

rank ⇢A  �Nc(N) ⇠ �logN

SA = �Tr ⇢A log ⇢A  (log�) logN

Nc(N) :N-site 領域での最
小の切断ボンド数

最小の切断ボンド数 = 4
A A A BA A A A A A A A A A A A



二次元以上の場合の面積則

A

B

L

d =1 （一次元系）ではMPSが面積則を満たす

EEの面積則

Q. MPSを単純にd > 1 に拡張できる？

A. テンソル積状態 Tensor Product State (TPS)!



テンソル積状態（TPS）：面積則を満たすTNS

PEPS (Projected Entangled-Pair State)
(F. Verstraete and J. Cirac, arXiv:cond-mat/0407066)

(AKLT, T. Nishino, K. Okunishi, …) TPS (Tensor Product State)

例：2次元正方格子のTPS
4+1 階のテンソルが敷き詰められたネットワーク

局所自由度：s
Virtual自由度：i, j, k, l

各インデックスの次元＝ボンド次元（D）
変分波動関数としての精度に関係するパラメタ（D→∞で厳密に）



TPS (PEPS)のエンタングルメントエントロピー

ボンド次元 = D

領域 A と B をつなぐボンドの数
（正方格子）
（d 次元の超立方格子)

rank ⇢A  DNc(L) ⇠ D2dLd�1

Nc(L) = 4L

Nc(L) = 2dLd�1
A

B
SA = �Tr ⇢A log ⇢A  2dLd�1 logD

TPS は面積則を満たすことができる!

TPSを用いることで高次元の量子多体状態を 
効率的に近似できる



MPSとTPSの違い

MPS

TPS 
(PEPS)

テンソルネットワークの縮約コスト

O(N)

O(eL
d�1

)

MPS:

TPS:

d 次元の超立法格子：N = Ld

d > 1 では仮にTPS表現が得られたとしても、 
テンソルネットワークを厳密に縮約して 
期待値などを計算することは不可能

TPSの計算では、通常
は近似的な縮約を行う



種々の近似的なTPSの縮約方法
• テンソル繰り込み群 

• TRG, HOTRG, SRG, TNR, loop-TNR, ... 
• 境界MPS法 

•  
• 角転送行列法 

• T. Nishino and K. Okunishi, JPSJ 65, 891 (1996), R. Orús et 
al, Phys. Rev. B 80, 094403 (2009). 

• 単層での縮約法 
• bMPS: H. J. Liao et al, PRL 118, 137202 (2017), Z. Y. Xie 

et al,PRB 96, 045128 (2017). 
• CTM: Chih-Yuan Lee et al, PRB 98, 224414 (2018) . 

• 平均場環境法 
• S. Jharomi and R. Orús, PRB 99, 195105 (2019).

(Y. Hieida et al (1999) , J. Jordan et al, Phys. Rev. Lett. 101, 250602 (2008))

j!i ¼ lim
p!1

Rpj!0i
jjRpj!0ijj

: (4)

The iMPS for j!i accounts for an infinite half plane of the
environment E½ ~r1; ~r2#. Similarly, we use another iMPS with
tensors fC0; D0g to encode the left dominant eigenvector
h!0j of R, h!0jR ¼ !h!0j, which also accounts for an
infinite half plane. Then F ½ ~r1; ~r2# is built from these two
iMPS and a strip of reduced tensors a and b.

In the second step, a transfer matrix S is defined in terms
of the tensors fa; b; C;D; C0; D0g (Fig. 3). S can be regarded
as a linear operator acting on three sites with local vector

space dimensions ", D2 and ". Again, its dominant eigen-
vector j"i, encoded in a three-legged tensor X, is com-
puted from an initial state j"0i using the fact that

j"i ¼ lim
q!1

Sqj"0i
jjSqj"0ijj

: (5)

Let X0 be the tensor for the left dominant eigenvector h"0j
of S. Then G½ ~r1 ~r2# is a (circular) MPS consisting of the six
tensors fC;D;C0; D0; X; X0g.
Simulation of time evolution.—We decompose the

Hamiltonian as H ¼ Hr þHd þHl þHu, where the op-
erator Hr ¼

P
ð ~r1; ~r2Þrh

½ ~r1 ~r2# collects all interactions along

r-links (and similarly for d-, l- and u-links), and consider
a Suzuki-Trotter expansion of the time-evolution operator
e'iHt of Eq. (1) in terms of operators e'iHr#t, e'iHd#t,
e'iHl#t and e'iHu#t, where #t is some small time step.
Each of these operators further decomposes into a product
of identical two-site unitary gates g ( e'ih#t acting on all
pairs of sites connected by a link of the proper type. For
instance, for links of type r we have

e'iHr#t ¼
Y

ð ~r; ~r0Þr
g½ ~r~r

0#: (6)

Without loss of generality, we need to address only the
update of tensors A and B after applying e'iHr#t to j#i. Let
us assume that the gate g is applied on just one of the r
links. In that case, in order to update the iPEPS we would
(i) compute the environment for that specific r link follow-
ing Figs. 2 and 3, and (ii) determine the optimal new
tensors A0 and B0 for the link, using the optimization
techniques of [7] (sweeping over just the two sites in-
volved). We notice, however, that the above A0 and B0

already define an iPEPS for e'iHr#j#i—that is, with gates
g acting on all r links. Indeed, this follows from translation
invariance and the fact that a unitary gate g on a given r
link does not affect the environment on any other r link. In
other words, the update of tensors A and B on each r link is
identical and need only be performed once.
The above argumentation fails for an evolution e'H$ in

imaginary time, since the gate g0 ( e'h#$ is no longer
unitary. In this case, a gate applied on, say, an r link
modifies the environment on the rest of the r links.
Nevertheless, as in one-dimensional systems [9], the
same algorithm can still be used to find the ground state
of the system through imaginary-time evolution, provided
that a sufficiently small #$ (leading to almost unperturbed
environments) is used at the last stages of the simulation.
Quantum phase transition.—To demonstrate the per-

formance of the iPEPS algorithm, we have simulated an
evolution in imaginary time to obtain the ground state j#!i
of the quantum Ising model with transverse magnetic field,

Hð!Þ ( '
X

ð ~r; ~r0Þ
%½~r#

z %½~r0#
z ' !

X

~r

%½ ~r#
x : (7)

Then we have computed the energy per site e and
the transverse and parallel magnetizations mx and mz

FIG. 3 (color online). Transfer matrices R (a) and S (b) for the
vertical or horizontal contraction scheme. Multiplication of an
iMPS by R using the iTEBD algorithm comes at a computational
time that scales as Oð"3D6 þ "2D8dÞ (similar costs apply to
multiplying by S). This cost is lower in diagonal contraction
scheme (c) and (d), namely Oð"3D4 þ "2D6dÞ, but a slightly
larger " is required in order to retain the same accuracy.

FIG. 2 (color online). The environment E½ ~r1 ; ~r2# for a link of
type r is first approximated by an infinite strip F ½~r1; ~r2# and then
by a six-tensor network G½~r1; ~r2#. These reductions can be per-
formed according to either a vertical or horizontal scheme (b) or
a diagonal scheme (c). Tensors A, A?, B, and B? are not part of
the environment.
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量子系でのテンソルネットワークの利用

<latexit sha1_base64="XkC8uXv0uT1Qilx+79HHlBouX2k="></latexit>

量子多体状態 (a)

小さいテンソルに分解

(b) (c)
PEPS, TPS (for 2d system)

~eNの独立要素

テンソルネットワーク分解

量子相関の 
特徴を利用した近似

~O(N)の独立要素

適切なテンソルネットワーク表現を用いると量子ビット数Nに対して、
多項式の計算量で量子多体問題を高精度に計算できる場合がある

• 低エネルギー状態の計算 
• 変分法により固有値問題を解く 

• 量子ダイナミクス 
• 量子エンタングルメントが大きくない範囲（短時間、浅い量子回路…） 

• 同じ枠組みで、混合状態も取り扱える



量子系以外でのテンソルネットワークの利用

局所空間の積の構造を持つベクトル空間（テンソル）
テンソルネットワーク分解のターゲット

*局所的な空間の次元は異なっても良い
このような構造を持つものは量子状態以外にもある

画像データ：
256=28

25
6=

28

256 × 256 ピクセル → 216 次元のベクトル
→ 16-本足のテンソル (a = 2)

確率分布：

例：イジングモデル

→ 2N ベクトル →N-本足のテンソル (a = 2)



画像圧縮への適用例



例：画像データの圧縮
256=28

25
6=

28

256 × 256 ピクセルの画像

1. 256 × 256 の行列（画像見たまま） 
• 単純な特異値分解を適用可能

2種類のデータ構造

2. 2 × 2 × ...× 2の16本足のテンソル 
• MPSによる近似を適用できる形 
• どのように変形するか、足を並べるのかの自由度がある

A ≃

MPS



特異値分解による画像の圧縮

256=28

25
6=

28

1. 256 × 256 の行列（画像見たまま）

A ≃

近似精度：
データ量：



MPSによる画像の圧縮：case 1 

256=28

25
6=

28

2. 2 × 2 × ...× 2の16本足のテンソル

0 1 2 … 254 255

256 257 258 …

…

近似精度：
データ量：

数字を二進数表記して 
16本足のテンソル化

216-1



画像の圧縮：テンソル化依存性

256=28

25
6=

28

2. 2 × 2 × ...× 2の16本足のテンソル

0
1

2
3

数字を二進数表記して 
16本足のテンソル化

ランダム

case 1 ランダム



低ランク近似と特異値スペクトル
2. 2 × 2 × ...× 2の16本足のテンソル

case 1 ランダム

"中央"で分割した時の特異値

テンソル化の方法で"エンタングルメント"が違う

特
異
値

特
異
値

特異値 特異値



エンタングルメントエントロピー

テンソルを"左右"に分解した際の 
特異値 λ の分布

エンタングルメントエントロピー＝規格化された特異値のエントロピー
(row) (column)

<latexit sha1_base64="sUfwMe83hWkdG+Tm2dWYlfxOS9Q="></latexit>

左右の情報の相関 
（エンタングルメント ） 

を特徴付ける

χ：特異値の総数
例：画像の特異値スペクトル

case 1 random
での誤差

エントロピー



テンソルネットワークによる生成モデル



<latexit sha1_base64="vOJX0Msp2QRw56wrP2TXE8H3N2E="></latexit>

教師なしの生成モデル
Z.-Y. Han et al, Phys. Rev. X 8, 031012 (2018).

N ピクセルの白黒画像
バイナリデータ

<latexit sha1_base64="5YuymMeSFTMziBdE2RiUWiwu1nM="></latexit>

画像の確率分布：
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= 0 と 1の並び

量子ビットの古典状態と同じ構造！ボルンマシン表現：

確率分布を量子状態と対応づけて考える
Z.-Y. Han et al, Phys. Rev. X 8, 031012 (2018).

<latexit sha1_base64="uw8KgSzv2MgXTgPinGcdthpJmzE="></latexit>

＊量子状態 を測定すると確率 で状態 が観測される。



教師なしの生成モデル

training set no larger than Dmax. As shown in the previous
section, this means that all training patterns are remembered
exactly. As the number of training patterns increases, MPS
with a fixedDmax will eventually fail in remembering exactly
all the training patterns, resulting in L > ln jT j. In this
regime, generations of the model usually deviate from
training patterns (as illustrated in Fig. 3 on the MNIST data
set). We notice that, with jT j increasing, the curves in the
figure deviate from ln jT j continuously. We note that this is
very different from the Hopfield model, where the overlap
between the generation and training samples changes
abruptly due to the first order transition from the retrieval
phase to the spin glass phase.
Figure 2(a) also shows that a largerDmax enables MPS to

remember exactly more patterns and produce smaller L
with the number of patterns jT j fixed. This is quite natural
because enlarging Dmax amounts to the increase of the
parameter number of the model and, hence, enhances the
capacity of the model. In principle, ifDmax ¼ ∞, our model
has infinite capacity, since arbitrary quantum states can be
decomposed into MPS [17]. Clearly, this is an advantage
of our model over the Hopfield model and inverse Ising
model [14], whose maximal model capacity is proportional
to system size.
Careful readers may complain that the inverse Ising

model is not the correct model to compare with, because its
variation with hidden variables, i.e., Boltzmann machines,
do have infinite representation power. Indeed, increasing
the bond dimensions in MPS has similar effects to
increasing the number of hidden variables in other gen-
erative models.
In Fig. 2(b), we plot L as a function of system size N,

trained on jT j ¼ 100 random patterns. As shown in the
figure, with Dmax fixed, L increases linearly with system
size N, which indicates that our model gives a worse

memory capability with a larger system size. This is due to
the fact that keeping the joint distribution of variables
becomes more and more difficult for MPS when the
number of variables increases, especially for long-range
correlated data. This is a drawback of our model when
compared with fully pairwise-connected models such as
the inverse Ising model, which is able to capture long-
distance correlations of the training data easily. Fortunately,
Fig. 2(b) also shows that the decay of memory capability
with system size can be compensated by increasing Dmax.

C. MNIST data set of handwritten digits

In this subsection, we perform experiments on the
MNIST data set [51]. In preparation, we turn the grayscale
images into binary numbers by threshold binarization and
flattened the images row by row into a vector. For the
purpose of unsupervised generative modeling, we do not
need the labels of the digits. Here, we further test the
capacity of the MPS for this larger-scale and more mean-
ingful data set. Then, we investigate its generalization
ability via examining its performance on a separated test
set, which is crucial for generative modeling.

1. Model capacity

Having chosen jT j ¼ 1000MNIST images, we train the
MPS with different maximal bond dimensions Dmax, as
shown in Fig. 3. AsDmax increases, the final L decreases to
its minimum ln jT j, and the images generated become more
and more clear. It is interesting that, with a relatively small
maximum bond dimension, e.g., Dmax ¼ 100, some crucial
features show up, though some of the images were not as
clear as the original ones. For instance, the hooks and loops
that partly resemble the numerals “2,” “3,” and “9” emerge.
These clear characters of handwritten digits illustrate that
the MPS has learned many “prototypes.” Similar feature-to-
prototype transitions in pattern recognitions could also
be observed by using a many-body interaction in the
Hopfield model, or equivalently, using a higher-order
rectified polynomial activation function in the deep neural
networks [52]. It is remarkable that, in our model, this can
be achieved by simply adjusting the maximum bond
dimension of the MPS.
Next, we train another model with the restriction of

Dmax ¼ 800. The NLL on the training data set reaches 16.8,
and many bonds have reached maximal dimension Dmax.
Figure 4 shows the distribution of bond dimensions. Large
bond dimensions are concentrated in the center of the
image, where the variation of the pixels is complex. The
bond dimensions around the top and bottom edge of
the image remain small, because those pixels are always
inactivated in the images. They carry no information and
have no correlations with the remaining part of the image.
Remarkably, although the pixels on the left and right edges
are also white, they also have large bond dimensions

FIG. 3. NLL average of a MPS trained using jT j ¼ 1000
MNIST images of size 28 × 28, with varying maximum bond
dimensions Dmax. The horizontal dashed line indicates the
Shannon entropy of the training set ln jT j, which is also the
minimal value of L. The inset images are generated by the MPS
trained with different Dmax (denoted by the arrows).
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because these bonds learn to mediate the correlations
between the rows of the images.
The samples directly generated after training are shown

in Fig. 5(a). We also show a few original samples from the
training set in Fig. 5(b) for comparison. Although many of
the generated images cannot be recognized as digits, some
aspects of the result are worth mentioning. Firstly, the MPS
learned to leave margins blank, which is the most obvious
common feature in the MNIST database. Secondly, the
activated pixels compose pen strokes that can be extracted
from the digits. Finally, a few of the samples could already
be recognized as digits. Unlike the discriminative learning
task carried out in Ref. [32], it seems we need to use much
larger bond dimensions to achieve a good performance in
the unsupervised task. We postulate the reason to be that,
in the classification task, local features of an image are
sufficient for predicting the label. Thus, MPS is not
required to remember longer-range correlation between
pixels. For generative modeling, however, it is necessary
because learning the joint distribution from the data

consists of (but not limited to) learning two-point corre-
lations between pairs of variables that could be far from
each other.
With the MPS restricted to Dmax ¼ 800 and trained with

1000, we carry out image restoration experiments. As shown
in Fig. 6, we remove part of the images in Fig. 5(b) and then
reconstruct the removed pixels (in yellow) using conditional
direct sampling. For column reconstruction, its performance
is remarkable. The reconstructed images in Fig. 6(a) are
almost identical to the original ones in Fig. 5(b). On the other
hand, for row reconstruction in Fig. 6(b), it makes interesting
but reasonable deviations. For instance, for the rightmost
image in the first row, the “1” shape has been bent to a “7.”

2. Generalization ability

In a glimpse of its generalization ability, we also tried
reconstructing MNIST images other than the training
images, as shown in Figs. 6(c) and 6(d). These results
indicate that the MPS has learned crucial features of the
data set, rather than merely memorizing the training
instances. In fact, even as early as only 11 loops trained,
the MPS could perform column reconstruction with similar

FIG. 4. Bond dimensions of the MPS trained with jT j ¼ 1000
MNIST samples, constrained to Dmax ¼ 800. Final average NLL
reaches 16.8. Each pixel in this figure corresponds to the bond
dimension of the right leg of the tensor associated to the identical
coordinate in the original image.

(a) Generated (b) Original

FIG. 5. (a) Images generated from the same MPS as in Fig. 4.
(b) Original images randomly selected from the training set.

(a) column reconstruction on
training images

(b) row reconstruction on training
images

(c) column reconstruction on test
images

(d) row reconstruction on test
images

FIG. 6. Image reconstruction from partial images by direct
sampling with the same MPS as in Fig. 4. (a,b) Restoration of
images in Fig. 5(b), which are selected from the training set. (c,d)
Reconstruction of 16 images chosen from the test set. The test set
contains images from the MNIST database that were not used for
training. The given parts are in black (dark) and the reconstructed
parts are in yellow (light). The reconstructed parts are 12 columns
from either (a,c) the left or the right and (b,d) the top or the bottom.
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of canonical forms for each tensor: upper canonical, left
canonical, and right canonical, depending on which index
was finally left. The three canonical forms are shown in the
following diagrammatic notation:

.

The line on the right side represents the identity matrix.
It is technically easy to canonicalize a tensor in the TTN.

For example, we can start from one end of the tree and use
the QR decomposition of the tensor to push the noncanonical
part of the tensor to the adjacent tensor. By repeating this
step, finally, one will push all noncanonical parts of the TTN
to just one tensor, called the central tensor, and all other
tensors are in one of the three canonical forms. Analogous
to the mixed-canonical form of MPSs, we call this form the
mixed-canonical form of the TTN.

Once the TTN is in the canonical form, many calculations
become simple, for example, the normalization factor Z fi-
nally becomes the squared norm of a tensor:

, (9)

where the orange tensor represents the noncanonical central
tensor in an arbitrary position. The direction of all the ten-
sors’ canonical forms is pointed toward the direction of the
central tensor. After all, to get the normalization Z , the only
calculation we need to do is the trace of multiplication of the
central tensor by its complex conjugate.

General tensor networks have a gauge degree of freedom
on their virtual bond. One can insert a pair of unitary matrices
UU −1 in the virtual bond without changing the final contrac-
tion results. This could damage the accuracy of the training
algorithm and brings additional computational complexity.
Fortunately, for acyclic tensor networks like the TTN, the
canonical form fixes this degree of freedom.

D. Data representations

In this work, we consider binary data, such as black and
white images, so the local dimension of the Hilbert space of
each physical bond is 2. As illustrated in Fig. 2, each index for
the lowest-layer tensors has two components, corresponding
to the two possible values of the connected pixels. The pixels
can be simply vectorized from the image to a vector, as
explored in [14] for the MPS Born machine, which we call
one-dimensional (1D) representation, as it basically does not
use any features in the two-dimensional (2D) structure of the
images.

Compared with the MPS, a significant advantage of
the TTN is that it can easily achieve the two-dimensional

(b) (c)

(a)

FIG. 2. (a) The TTN with 2D structure. Changing the 1D order
of data with the 2D order is equivalent to using the TTN with 2D
structure replacing Fig. 1(b). (b) The 1D order of data. (c) The 2D
order of data.

modeling of natural images. Figure 2(a) shows the two-
dimensional modeling of the TNN. In this architecture, each
tensor is responsible for one local area of pixels, which
greatly reduces the artificial fake long-range correlations.
Hence, we call it the 2D representation. Clearly, the 2D
representation keeps the model structure of Fig. 1, while only
requiring reshuffling the data index to proper order, as shown
in Figs. 2(b) and 2(c) [21,38].

In practice, in order to ensure that the number of input
pixels is a power of 2, we may artificially add some pixels that
are always zero. If the input data are the 1D permutation, we
add those zero pixels to the two ends of the one-dimensional
chain; if it is 2D, we add to the outermost edge of the
2D lattice. This is analogous to the “padding” operation in
convolution networks.

E. Training algorithm of the TTN

As we introduced in Sec. II A, the cost function we used
in the training is the negative log likelihood [Eq. (1)], which
is also the KL divergence between the target empirical data
distribution and the probability distribution of our model, up
to a constant.

A standard way to minimize the cost function is the
stochastic gradient descent algorithm (SGD). Unlike the tra-
ditional SGD, which updates all trainable parameters at the
same time, in the TTN we have a sweeping process; that
is, it iteratively updates each tensor based on the gradient
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FIG. 5. Training the NLL and sampling images for a |T | = 100
binarized MNIST data set. ln(|T |) is the theoretical minimum of the
NLL. The TTN exactly remembers all the information of the images
when Dmax = |T |.

of 50 000 images, a validation set of 10 000 images, and a
test set of 10 000 images. Each of them contains handwritten
digits of 28 × 28 pixels with a value of 0 or 1. In order to
facilitate comparison with other work, we directly use the
same standard binary MNIST data set that has been used in
the analysis of deep belief networks and has been widely
recognized by the machine learning community [43]. The
data set can be downloaded directly from the corresponding
website [44].

We did three experiments on the binary MNIST data set.
In the first experiment we used 100 randomly selected images
to train TTNs with different Dmax. The results are shown in
Fig. 5, where we can see that as the NLL gradually decreases,
the quality of the generated samples becomes better. The
training NLL will decrease to its theoretical minimum as Dmax
increases to |T | while the sampling image will be exactly the
same as the one in the training set.

In Fig. 6 we plot the two-site correlation function of pixels.
In each row, we randomly select three pixels, then calculate
the correlation function of the selected pixels with all other
pixels. The values of the correlations are represented by
color. The real correlations extracted from the original data
are illustrated in the top row, and correlations constructed
from the learned MPS and TTN are shown in the bottom
rows for comparison. For the TTN and MPS, Dmax is 50
and 100, respectively, which corresponds to the models with
the smallest test NLL. As we can see, in the original data
set, the correlation between pixels consists of short-range
correlation and a small number of long-range correlations.
However, the MPS model can faithfully represent the short-
range correlation of pixels, while the TTN model performs
well in both short-range and long-range correlations.

Next, we carried out experiments using the whole MNIST
data set with 50 000 training images to quantitatively compare
the performance of the TTN with existing popular machine
learning models. The performance is characterized by evalu-
ating the NLL on the 10 000 test images. We also applied the
same data set to the tree-structure factor graph and the MPS
generative model and compare using the same data set the test
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FIG. 6. Two-site correlation of pixels extracted from the original
data (first row), the MPS (second row), and the TTN model (third
row). We randomly choose three pixels at the tenth row of the images.
The Dmax of the TTN is 50; the Dmax of the MPS is 100, which
corresponds to the models with the smallest test NLL.

NLL with RBM, VAE, and PixelCNN, which currently gives
the state-of-the-art performance. Among these results, RBM
and VAE evaluate only approximately the partition function
and hence give only an approximate NLL. However, the
TTN and MPS together with PixelCNN are able to evaluate
exactly the partition function and give exact NLL values.

The results are shown in Table I, where we can see that
the test NLL obtained by the tree-structure factor graph is
175.8, and the result of the MPS is 101.45, with corresponding
Dmax = 100. For the TTN in a 1D data representation [as
depicted in Fig. 2(b)] with Dmax = 50, the test NLL already
reduces to 96.88. With the same Dmax, the TTN performed on
a 2D data representation [as depicted in Figs. 2(a) and 2(c)]
can do even better, giving a NLL around 94.25. However, we
see from Table I that when compared to the state-of-the-art
machine learning models, the tensor network models still have
a lot of space to improve: the RBM using 500 hidden neurons
and 25-step contrastive divergence could reach a NLL of
approximately 86.3, and PixelCNN with seven layers gives
a NLL around 81.3.

In Fig. 7 we draw the sampled images from the TTN
trained on 50 000 MNIST images, using the sampling

TABLE I. Test NLL of different models for the binary MNIST
data set.

Model Test NLL

Tree factor graph 175.8
MPS 101.5
TTN, 1D 96.9
TTN, 2D 94.3
RBM 86.3a [43]
VAE 84.8a [45]
PixelCNN 81.3 [10]

aApproximated NLL.
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The utility of tensor networks in fluid dynamics goes beyond the 
INSE. Future avenues of investigation for MPS include compress-
ible flows, in which the Mach number is an important parameter, 
and transport of scalar quantities under both passive and chemi-
cally reactive conditions where the effects of Prandtl, Peclet and 
Damkohler numbers35 must be taken into account. It would be 
interesting to examine how these parameters affect the fidelity of 
low-χ MPS simulations. Furthermore, as tensor network methods 
are naturally suited to tackle high-dimensional problems, their 
applicability to the transported probability density function (PDF) 
of turbulent reactive flows36 should be considered. In these flows, 
in addition to temporal and spatial variations, the PDF is a func-
tion of the 3D velocity field and all of the pertinent scalar variables 
(energy, pressure and species mass fractions)37. With just ten species 
(a very simple chemical kinetics model), the unsteady PDF must 
be resolved in a 17D space. High-fidelity modeling and simulation 
of such complex flows can potentially be enabled through a well-
chosen tensor network ansatz.

The close connection of our tensor network-based approach 
to quantum physics points towards the prospect of solving the 
Navier–Stokes equations on a quantum computer. Recently, several 
algorithms for solving nonlinear partial differential equations on 
quantum computers have been proposed38–40. In particular, the work 
in ref. 38 introduces tensor networks as a programming paradigm 
for quantum computers, which makes our approach especially well 
suited for quantum hardware implementations (see Supplementary 
Section 5 for details). Replacing classical floating point operations 
by quantum gates reduces the scaling with bond dimension to ~χ2 
(Supplementary Section 5). In addition, potentially exponential 
speed-ups are possible by choosing an optimized quantum network 
that goes beyond the MPS ansatz for encoding the solution38,41,42. In 
this way, our work holds the promise of enabling large-scale compu-
tational fluid dynamics calculations that are well beyond the scope 
of current approaches.

Methods
Schmidt decomposition. We consider a 1D system and scale all lengths with its 
spatial dimension Lbox. We discretize the spatial domain [0, 1] of the velocity u 
with N bits into 2N grid points rq = q/2N with q = 0, 1, …, 2N − 1. Next, we introduce 
n = 1, …, N − 1 bipartitions of this grid into coarse and !ne subgrids. For a given 
n, the coarse subgrid comprises the points Xk = k/2n with k = 0, …, 2n − 1. "e 
spacing between neighboring points is thus 2−n and this de!nes the coarse length 
scale. To each coarse grid point Xk is attached a !ne subgrid with points xl = l/2N 
with l = 0, 1, …, 2(N − n) − 1, and adjacent points are separated by the !ne length scale 
2−N. In this way, any point rq of the 1D grid can be written as rq = Xk + xl. Finally, 
we arrange the function values u(rq) = u(Xk + xl) into a 2n × 2N − n matrix where 
the rows and columns correspond to increments along the coarse and !ne grids, 
respectively. Performing a singular value decomposition (SVD) on this matrix12,13 
gives the desired Schmidt decomposition of u(rq) at bipartition n:
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This is the 1D result corresponding to equation (2). For a full SVD the Schmidt 
number takes its maximal value d(n) = Γ1D(n), where Γ �%(O) = NJO (�O �/−O). If, 
instead, a truncated SVD is performed by keeping only the d(n) = χ largest singular 
values, the error in the L2 norm due to this approximation is 
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This procedure can be straightforwardly generalized by replacing bits with 

quarternaries (2D) or octals (3D), that is, by replacing 1D line segments with 
squares (2D) or cubes (3D). The maximal Schmidt numbers are then given by 
equation (4) in 2D and equation (5) in 3D.

Matrix product state algorithm. The INSE comprises a coupled set of partial 
differential equations for the velocity field V and pressure p:
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where ν is the kinematic viscosity and ∇ is the nabla operator. After discretizing 
the computational domain as described at the beginning of this Article, we 

solve equation (7) in time via a second-order Runge–Kutta method by a 
variational scheme. Furthermore, we use the penalty method43,44 to satisfy the 
incompressibility condition ∇⋅V = 0.

We illustrate the principle of our method by considering a simple Euler time 
step. To advance V from time ts to ts + Δt, we minimize the cost function
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where ∥⋅∥2 is the L2 norm, ∇  is the nabla operator in finite-difference form, V* 
is the trial solution at time ts + Δt, and V denotes the solution at the previous time 
step ts. The term Ȋ ‖ ∇ · 7

∗

‖
�

�

 in equation (8) enforces ∇⋅V = 0 for sufficiently 
large values of the penalty coefficient μ. Note that the penalty method for enforcing 
the incompressibility condition removes the pressure p from equation (8). It can be 
calculated from the velocity fields via its Poisson equation45.

We represent the flow field V in terms of the MPS ansatz at all time steps ts, 
and all operations on V, such as differentiation, are realized via standard matrix 
product operators acting on the MPS (ref. 27, p. 591 and ref. 28, p. 22). In this way, 
the entire computation is carried out in the MPS manifold M∈D. A derivation of 
our minimization scheme is provided in Supplementary Section 4.

Direct numerical simulation algorithm. Our DNS scheme is based on a second-
order Runge–Kutta temporal discretization combined with an eighth-order central 
finite-difference discretization of the spatial derivatives46 on a Cartesian grid. The 
incompressibility condition is enforced through the projection method of Chorin47 
at every substep of each full Runge–Kutta time step.

The computational complexity of the DNS scheme is ∼ .MPH. . This is 
because it is dominated by the projection step, which is performed through 
repeated fast Fourier transforms and inverse fast Fourier transforms that scale 
as ∼ .MPH. . If there are just enough gridpoints to resolve all scales from ! to 
η, the scheme is DNS and solves the Navier–Stokes equations exactly within the 
sufficiently large D of Fig. 1b,c. However, if the finest scales are removed (without 
invoking any subgrid scale model) such that the smallest remaining resolved scale 
is considerably larger than η, then the scheme becomes an URDNS operating 
within the scale-restricted W ⊂D. The Navier–Stokes equations cannot be solved 
exactly within W due to the finest scales being subject to unphysical numerical 
dissipation. In comparison, the MPS algorithm operates within the MPS manifold 
of M where the interscale correlations are limited while all the scales between ! 
and η are still present.

Set-up of numerical experiments. For the TDJ simulations, we consider a square 
with edge length Lbox with periodic boundary conditions and the initial conditions
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where J(y) is the initial jet profile
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with the streamwise direction along F̂
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. u0 is the magnitude of the velocity 
differential between the jet and its surroundings, ymin and ymax describe the extent of 
the jet and h is the initial thickness of the vortex sheet. These parameters define the 
Reynolds number Re = u0h/ν and the timescale T0 = Lbox/u0. The function
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in equation (9) is a small disturbance of miscellaneous wave modes needed to 
initiate the roll-up of the jet. D is statistically homogeneous along F̂
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非圧縮のNaiver-Stokes 方程式

直接法によるシミュレーション：離散化された格子グリッド上で微分方程式を解く
乱流のような複雑な問題を扱う場合、無数の長さス
ケールが混合するため、とても小さいメッシュが必要
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the number of variables parametrizing the solution (NVPS) by more 
than one order of magnitude. The conceptual similarity between the 
tensor network algorithm presented here and those used in quan-
tum physics opens the possibility of conducting computational fluid 
dynamics on a quantum computer.

Results
Quantifying interscale correlations. Throughout this work we fol-
low the standard approach in computational fluid dynamics and 
discretize the computational domain. Each spatial dimension is dis-
cretized by 2N grid points, where N is a positive integer. In this way, 
the velocity field
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and its Cartesian components ui are discrete functions of the grid 
points rq, where K is the spatial dimension and F̂

J

 are Cartesian 
unit vectors. We measure the interscale correlations by using the 
Schmidt (singular value) decomposition to systematically divide the 
computational grid into sub-grids, as illustrated in Fig. 1a for K = 2. 
We decompose (for details, see the Schmidt decomposition section 
in the Methods) each component ui on this 2N × 2N grid into func-
tions R and f on a coarse and a fine subgrid, respectively:
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Positions Xk correspond to a quadratic grid with 2n × 2n points 
(coarse grid), and xl correspond to a fine sub-grid with 2N − n × 2N − n 
grid points. The functions Rα and fα obey the orthonormality 
condition
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where δαβ is the Kronecker delta. The parameter n = 1, …, N − 1 
labels the possible bipartitions of the square lattice in coarse and 
fine grids (in Fig. 1a N = 10 and n = 2). The Schmidt number d(n) 
denotes the number of retained terms in the summation in equa-
tion (2), and each product Rαfα is weighted by a Schmidt coefficient 
λα ≥ 0. These coefficients appear in descending order λ1 ≥ λ2... ≥ λd(n), 
so varying d(n) will only add or remove the least important of 
the orthonormal basis functions. Here we take d(n) as a quantita-
tive measure for the interscale correlations of turbulent flows at a 
given bipartition n of the lattice: d(n) = 1 corresponds to an uncor-
related product state, and with increasing d(n) the flow becomes 
more strongly correlated between the coarse and the fine grid. 
Note that although the d(n) = 1 product state exhibits no interscale  
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domain D indicated by the black dashed line corresponds to DNS. The gray shaded area W  is for solutions on a 28!×!28 grid. The blue shaded area M is 
for d(n)!≤!25 in equation (2). c, Same as in b but for the 3D simulations shown in Fig. 3. In b and c, T0 is the characteristic timescale on which the quickest 
particles in the initial flow fields can traverse the box (Set-up of numerical experiments section in the Methods). d, Scaling of ȕ
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the number of variables parametrizing the solution (NVPS) by more 
than one order of magnitude. The conceptual similarity between the 
tensor network algorithm presented here and those used in quan-
tum physics opens the possibility of conducting computational fluid 
dynamics on a quantum computer.

Results
Quantifying interscale correlations. Throughout this work we fol-
low the standard approach in computational fluid dynamics and 
discretize the computational domain. Each spatial dimension is dis-
cretized by 2N grid points, where N is a positive integer. In this way, 
the velocity field
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and its Cartesian components ui are discrete functions of the grid 
points rq, where K is the spatial dimension and F̂

J

 are Cartesian 
unit vectors. We measure the interscale correlations by using the 
Schmidt (singular value) decomposition to systematically divide the 
computational grid into sub-grids, as illustrated in Fig. 1a for K = 2. 
We decompose (for details, see the Schmidt decomposition section 
in the Methods) each component ui on this 2N × 2N grid into func-
tions R and f on a coarse and a fine subgrid, respectively:
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Positions Xk correspond to a quadratic grid with 2n × 2n points 
(coarse grid), and xl correspond to a fine sub-grid with 2N − n × 2N − n 
grid points. The functions Rα and fα obey the orthonormality 
condition
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where δαβ is the Kronecker delta. The parameter n = 1, …, N − 1 
labels the possible bipartitions of the square lattice in coarse and 
fine grids (in Fig. 1a N = 10 and n = 2). The Schmidt number d(n) 
denotes the number of retained terms in the summation in equa-
tion (2), and each product Rαfα is weighted by a Schmidt coefficient 
λα ≥ 0. These coefficients appear in descending order λ1 ≥ λ2... ≥ λd(n), 
so varying d(n) will only add or remove the least important of 
the orthonormal basis functions. Here we take d(n) as a quantita-
tive measure for the interscale correlations of turbulent flows at a 
given bipartition n of the lattice: d(n) = 1 corresponds to an uncor-
related product state, and with increasing d(n) the flow becomes 
more strongly correlated between the coarse and the fine grid. 
Note that although the d(n) = 1 product state exhibits no interscale  
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the number of variables parametrizing the solution (NVPS) by more 
than one order of magnitude. The conceptual similarity between the 
tensor network algorithm presented here and those used in quan-
tum physics opens the possibility of conducting computational fluid 
dynamics on a quantum computer.

Results
Quantifying interscale correlations. Throughout this work we fol-
low the standard approach in computational fluid dynamics and 
discretize the computational domain. Each spatial dimension is dis-
cretized by 2N grid points, where N is a positive integer. In this way, 
the velocity field
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and its Cartesian components ui are discrete functions of the grid 
points rq, where K is the spatial dimension and F̂
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 are Cartesian 
unit vectors. We measure the interscale correlations by using the 
Schmidt (singular value) decomposition to systematically divide the 
computational grid into sub-grids, as illustrated in Fig. 1a for K = 2. 
We decompose (for details, see the Schmidt decomposition section 
in the Methods) each component ui on this 2N × 2N grid into func-
tions R and f on a coarse and a fine subgrid, respectively:
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Positions Xk correspond to a quadratic grid with 2n × 2n points 
(coarse grid), and xl correspond to a fine sub-grid with 2N − n × 2N − n 
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where δαβ is the Kronecker delta. The parameter n = 1, …, N − 1 
labels the possible bipartitions of the square lattice in coarse and 
fine grids (in Fig. 1a N = 10 and n = 2). The Schmidt number d(n) 
denotes the number of retained terms in the summation in equa-
tion (2), and each product Rαfα is weighted by a Schmidt coefficient 
λα ≥ 0. These coefficients appear in descending order λ1 ≥ λ2... ≥ λd(n), 
so varying d(n) will only add or remove the least important of 
the orthonormal basis functions. Here we take d(n) as a quantita-
tive measure for the interscale correlations of turbulent flows at a 
given bipartition n of the lattice: d(n) = 1 corresponds to an uncor-
related product state, and with increasing d(n) the flow becomes 
more strongly correlated between the coarse and the fine grid. 
Note that although the d(n) = 1 product state exhibits no interscale  
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the number of variables parametrizing the solution (NVPS) by more 
than one order of magnitude. The conceptual similarity between the 
tensor network algorithm presented here and those used in quan-
tum physics opens the possibility of conducting computational fluid 
dynamics on a quantum computer.

Results
Quantifying interscale correlations. Throughout this work we fol-
low the standard approach in computational fluid dynamics and 
discretize the computational domain. Each spatial dimension is dis-
cretized by 2N grid points, where N is a positive integer. In this way, 
the velocity field
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and its Cartesian components ui are discrete functions of the grid 
points rq, where K is the spatial dimension and F̂
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 are Cartesian 
unit vectors. We measure the interscale correlations by using the 
Schmidt (singular value) decomposition to systematically divide the 
computational grid into sub-grids, as illustrated in Fig. 1a for K = 2. 
We decompose (for details, see the Schmidt decomposition section 
in the Methods) each component ui on this 2N × 2N grid into func-
tions R and f on a coarse and a fine subgrid, respectively:
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Positions Xk correspond to a quadratic grid with 2n × 2n points 
(coarse grid), and xl correspond to a fine sub-grid with 2N − n × 2N − n 
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where δαβ is the Kronecker delta. The parameter n = 1, …, N − 1 
labels the possible bipartitions of the square lattice in coarse and 
fine grids (in Fig. 1a N = 10 and n = 2). The Schmidt number d(n) 
denotes the number of retained terms in the summation in equa-
tion (2), and each product Rαfα is weighted by a Schmidt coefficient 
λα ≥ 0. These coefficients appear in descending order λ1 ≥ λ2... ≥ λd(n), 
so varying d(n) will only add or remove the least important of 
the orthonormal basis functions. Here we take d(n) as a quantita-
tive measure for the interscale correlations of turbulent flows at a 
given bipartition n of the lattice: d(n) = 1 corresponds to an uncor-
related product state, and with increasing d(n) the flow becomes 
more strongly correlated between the coarse and the fine grid. 
Note that although the d(n) = 1 product state exhibits no interscale  
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structure when decomposing a function ui according to equation (2) for n!=!2. Red dots are the 22!×!22 grid points Xk of the coarse grid. Each blue square 
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for d(n)!≤!25 in equation (2). c, Same as in b but for the 3D simulations shown in Fig. 3. In b and c, T0 is the characteristic timescale on which the quickest 
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画像にTN分解を適用したように、原理的にはTNが使える。 
ただし、その効率は、対象の物理（エンタングルメントの性質）に依存

この系のエンタングルメント？

＊画像と同様にグリッド点を二進数表記してテンソル化
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correlations, it is still highly correlated in space because the fine grid 
dependence is repeated.

Truncating the Schmidt decomposition in equation (2) approxi-
mates ui in an orthonormal time-dependent basis that evolves with 
the fluid flow to optimally capture spatially correlated structures. 
This is in contrast to classical scientific computing techniques 
(implemented through, for example, finite-difference or spectral 
methods) where the bases are structure-agnostic; that is, they are 
chosen a priori and disregard any structure in the solution.

We first apply the decomposition in equation (2) to DNS solu-
tions of the INSE (equation (7)) for the TDJ shown in the top row of 
Fig. 2a. The TDJ comprises a central jet flow along the x direction, 
and Kelvin–Helmholtz instabilities in the boundary layer of the jet 
eventually cause it to collapse (see equations (9)–(15) for the initial 
flow conditions). We decompose each velocity component accord-
ing to equation (2), which is an exact representation if d(n) = Γ2D(n) 
with (for details, see Supplementary Section 2)

Γ
�%(O) = NJO(�O �/−O)� 	�


Figure 1b shows the Schmidt numbers d99(n, t) such that equation 
(2) represents the DNS solutions for the velocity fields with 99% 

accuracy in the L2 norm (more details on the Schmidt coefficients 
are provided in Supplementary Section 1). We find that d99(n, t) are 
well below their maximal values Γ2D(n) for n > 1. More specifically, 
we define ȕ

��

= NBY E

��

(O U) as the maximal value of d99 for all n 
and time steps. We obtain χ99 = 25, and the interscale correlations 
captured by equation (2) with E(O) = NJO

(
Γ

�%(O) ��
)
 are shown 

by the blue-shaded area M in Fig. 1b. d99(n, t) is entirely contained 
within this blue area. Note that the Schmidt numbers are shown on 
a logarithmic scale in Fig. 1b, and thus the area M is much smaller 
than the area D corresponding to DNS.

We obtain qualitatively similar results for the DNS solutions 
to the TGV in 3D, where vortex stretching causes a single, large, 
ordered fluctuation to collapse into a turbulent flurry of small-scale 
structures (see the top row in Fig. 3a for visualization and equation 
(16) in the Methods for the initial flow conditions). In three spatial 
dimensions, the representation in equation (2) is exact if d(n) equals 
(Supplementary Section 2)

Γ
�%(O) = NJO (�O �/−O)� 	�


The Schmidt numbers d99(n, t) resulting in a 99% accurate represen-
tation of the DNS solutions are shown in Fig. 1c. We find χ99 = 207, 
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Fig. 2 | 2D temporally developing jet. Dynamical simulation of the INSE in 2D for a planar jet streaming along x with Re!=!1,000, as defined in the Set-up 
of numerical experiments section in the Methods. a, Snapshots of the vorticity and velocity fields taken at t/T0!=!0.25, 0.75, 1.25, 1.75 (left to right). 
Red corresponds to positive vorticity (counter-clockwise flow) and blue to negative vorticity (clockwise). The top row corresponds to DNS results on 
a quadratic 210!×!210 grid (cf. Fig. 1a). Rows 2–4 are MPS results with different maximal bond dimensions χ. The bottom three rows are for URDNS on 
quadratic grids, as indicated. b, Reynolds stress τ12 (equation (14)) between the streamwise and cross-stream directions as a function of time and y 
coordinate. Red (blue) corresponds to positive (negative) stress.
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1次元の面積則が成立することから、MPS
をこの系のシミュレーションに使えそう

1次元での2N 格子点

(実際の計算では2次元や 3次元系が扱われて
いる。その場合、局所的な空間の次元が2で

はなく、22 や 23になる）

t =0.25 t =0.75 t =1.25 t =1.75

grid

MPSを使うことで、乱流を正し
く捉えたまま、効率的なシミュ

レーションが可能に！
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無限系のテンソル積状態：iTPS
状態ベクトルに並進対称性がある場合：

並進の演算子 位相はつかない

同じテンソルを周期的に（無限に）並べることで、 
無限系の波動関数が有限の自由度で表現可能

2サイトユニットセル 4サイトユニットセル

＊対象の周期が不明な場合は、複数のユニットセルで 
計算したエネルギーを比較し、適切なユニットセルを探す



iTPSを用いた計算アルゴリズム

基底状態の物性を調べるためには、
1. エネルギー期待値などの物理量計算 
2. iTPSの最適化

の二つの計算が少なくとも必要

＊TPSでは「テンソルネットワークの縮約」の厳密計算は困難
このネットワークの縮約には、 
指数関数的に大きな計算量が必要

近似的な縮約
• テンソル繰り込み 
• 境界MPS法 
• 角転送行列法 
• 平均場環境



角転送行列法による近似的な縮約
先ほどのネットワークを簡略化：

角転送行列表現

Corner transfer matrix Edge tensor

Corner transfer matrix Edge tensor

ボンド次元：D ボンド次元：D2

角転送行列

エッジテンソル

χ

χ

無限に広がった環境を"ボンド次元"χの角転送行列で近似的に表現
角転送行列とエッジテンソルは、
 のコストで計算可能（詳細はマニュアル・参考文献参照）

＊通常、χ∝O(D2)でスケールするため縮約コストはO(D10)
＊χは物理量が収束するように十分に大きく取る



角転送行列法による物理量の計算
角転送行列を用いれば局所的な物理量は（比較的）簡単に計算可能

,

,

1サイト物理量：

2サイト物理量：

,,

＊計算するダイアグラムが（２次元的に）大きくなると、縮約コストは大きく増える
• 対角方向に長距離の相関関数 
• 大きなクラスタの多体相互作用

TeNeSでも原理的に計算可能だが、 
長時間の計算が必要



角転送行列法と相関長
角転送行列を用いれば相関長も計算できる 角転送行列表現

相関関数

転送行列
固有値：

相関長

＊角転送行列が無限環境を表していることより、中心のテンソルは省略可能。



平均場環境
各ボンドに平均場的な環境を考えて期待値を計算平均場環境：

テンソルネットワーク内の 
ループ構造を無視する状況で正確

縮約コスト：

縮約コスト：

：平均場テンソル

*正方格子では近似になるため、 
エネルギーの変分的にならない計算が非常に軽くなるが、近似も大きい



iTPSの最適化
iTPSの典型的な最適化法

2. 虚時間発展法

同じボンド次元のiTPSに再度近似

虚時間発展演算子をかけると、iTPSのボンド次元が増大

1. 変分最適化法

3

(CTM) renormalization group method,29,30 for arbitrary
unit cell sizes20,32 which is summarized in the following.

Consider the problem of computing the norm of an
iPEPS h | i, which boils down to contracting the in-
finite 2D square lattice network of the reduced tensors
a[x,y], shown in Fig. 1(c), where each a[x,y] is obtained
from contracting A[x,y] with its conjugate tensor A†[x,y],
see Fig. 1(b). The goal of the CTM approach is to com-
pute the four corner tensors C1, C2, C3, C4, and the four
edge tensors T1, T2, T3, T4 for each coordinate [x, y] in
the unit cell, where each corner tensor represents a quad-
rant and the edge tensors a half-row (or half-column) of
the infinite 2D network. All these tensors together form
the so-called environment, representing the infinite sys-
tem surrounding a bulk site (or several bulk sites), as
shown in Fig. 1(c). Once the environment has been com-
puted, one can easily evaluate expectation values of local
observables by introducing the corresponding operators
in between the physical legs of the iPEPS tensors.

The environment tensors are computed iteratively by
letting the system grow in all directions. One starts from
an initial guess for the boundary tensors, either by initial-
izing them randomly, or alternatively one can initialize
them with the bulk tensors (by tracing out the auxiliary
bonds on the edges). In the directional CTM approach30

one first performs a growth step on e.g. the left side of
the system (called a left move), by introducing a new col-
umn of tensors, multiplying them onto the left boundary
tensors, followed by a renormalization step, see Fig. 1(d).

In the renormalization step a bond dimension � is kept
at the boundary which controls the accuracy of the ap-
proximate contraction. There are di↵erent ways how to
perform this renormalization step. Here we use a set of
projectors P and P̃ , introduced in Refs. 33 and 34 and
first applied in the CTM method in Ref. 20, to project
from the enlarged space �D2 down to a dimension �.
These projectors are then used to compute the renormal-
ized corner- and edge tensors, C 0

1, C
0
4, and T 0

4, as shown
in Fig. 1(e).

For a unit cell of size Lx ⇥ Ly one proceeds in the
following way for a full left move (i.e. an absorption of
the entire unit cell into the left boundary):

• Do for all x 2 [1, Lx]

– Do for all y 2 [1, Ly]

⇤ Compute the projectors P [x�1,y] and
P̃ [x�1,y] (see Ref. 20 for details)

– Do for all y 2 [1, Ly]

⇤ Compute the new renormalized corner

tensors C 0[x,y]
1 , C 0[x,y]

4 , and edge tensor

T 0[x,y]
4 , as shown in Fig. 1(e)

After a full left move one proceeds with a full right-,
top-, bottom-move in a similar way, and reiterates until
convergence is reached (e.g. by checking the convergence
of the energy with CTM iterations).

C. Optimization based on imaginary time evolution

In order to get an approximate representation of the
ground state of a given Hamiltonian Ĥ, the tensors need
to be optimized, i.e. one needs to find the best variational
parameters stored in the tensors. In previous iPEPS sim-
ulations this has been done based on an imaginary time
evolution (ITE) of an initial (e.g. random) state. Using a
Trotter-Suzuki decomposition the imaginary time evolu-
tion operator is split into a product of two-site operators,

e��Ĥ = e��
P

b Ĥb ⇡
 
Y

b

Ûb

!n

, Ûb = e�⌧Ĥb , (1)

where the product goes over all nearest-neighbor bonds b
in the unit cell (assuming a Hamiltonian with only
nearest-neighbor terms), Ĥb is the Hamiltonian term on
bond b, and ⌧ = �/n is a small imaginary time step. The
error of the Trotter-Suzuki decomposition decreases with
the size of the time-step ⌧ .35 The ITE is then performed
by sequentially multiplying the two-site operators Ûb to
the iPEPS and representing the resulting wave function
again as an iPEPS with the same bond dimension, until
convergence is reached. There exist di↵erent schemes to
truncate of a bond. In the so-called simple update scheme
the truncation is done based on a local singular value
decomposition,26,27,36 whereas in the full-update10,27 (or
fast-full update28) the entire 2D wave function is taken
into account for the truncation of a bond index. The sim-
ple update is computationally cheaper, but less accurate
than the full update.

III. VARIATIONAL OPTIMIZATION

A. Basic idea

Variational optimization schemes are commonly used
in MPS based algorithms,1,3 and have already been ap-
plied to finite PEPS,2,5,6 but not yet to iPEPS. The main
idea is to iteratively optimize one tensor after the other
until convergence is reached. Optimizing a single ten-
sor A (while keeping all other tensors fixed) boils down
to minimizing the energy with respect to tensor A,

min
A

E(A) = min
A

h (A)|Ĥ| (A)i
h (A)| (A)i = min

~A

~A†
H ~A

~A†N ~A
(2)

where the tensor A and its conjugate have been reshaped
into vectors. The matrices N and H correspond to the
(reshaped) tensor network representing the norm and the
expectation value of Ĥ excluding the tensor A and its
conjugate A†, respectively, see Fig. 2. Minimizing with
respect to A† yields a generalized eigenvalue problem,

@

@ ~A†

 
~A†
H ~A

~A†N ~A

!
= 0, ! H ~A = EN ~A. (3)

長時間の虚時間発展で基底状態を得る

エネルギー期待値を最小にする様にテンソルを変化させる

L. Vanderstraeten et al , Phys. Rev. B 94, 155123 (2016).
P. Corboz, Phys. Rev. B 94, 035133 (2016).

H.-J. Liao et al, Phys. Rev. X 9, 31041 (2019).

＊微分の計算が困難だったが、最近発展



iTPSの虚時間発展法
虚時間発展の分解：（仮定）ハミルトニアンは二体相互作用の和

小さな時間刻みτ 
での虚時間発展

鈴木-トロッター分解

（＊より高次の近似を考えることもできる）

全体の虚時間発展

Subset 1:

Subset 2:相互作用を 
可換な組に分解

Subset 1:

Subset 2:



iTPSの虚時間発展法
打ち切りによる近似

虚時間発展後の状態を再び、iTPSで近似する

Bond dimension = DBond dimension = D

この近似は最小化問題： 並進対称性の影響で非線型 
の難しい最適化問題....

局所近似する：

Bond dimension = DBond dimension = D

Bond dimension = DBond dimension = D

Copy Copy

並進対称性を利用して 
全体にコピー



iTPSの虚時間発展法
最適化問題の解法

Bond dimension = DBond dimension = D

コスト関数は角転送行列を用いて計算可能：O(D10)

Full update法と呼ばれる (cf. R. Orus et al, Phys. Rev. B 80, 094403 (2009))

より計算の軽い近似最適化？

: Non-negative diagonal matrix

さらに近似した環境を用いて、完全な局所問題に置き換える
: Non-negative diagonal matrix非負の対角行列=近似環境

Simple update法と呼ばれる (H. G.  Jiang et al, Phys. Rev. Lett. 101, 090603 (2008))



iTPSの虚時間発展法
Simple update法

: Non-negative diagonal matrix

: Non-negative diagonal matrix非負の対角行列=近似環境

(H. G.  Jiang et al, Phys. Rev. Lett. 101, 090603 (2008))

SVD

Truncation to
bond-dimension D

Matrix

右辺のダイアグラムを行列だと考え、特異値分解による低ランク近似

次のステップでの 
環境として用いるSimple update法のデメリット：

計算コスト：（QR分解を使うと）O(D5)

• 初期状態依存性が大きく、不適切な状態に最適化がトラップされる場合がある 
• ランダムな状態から始めた場合、長距離相関を成長させることが苦手 

• 量子臨界点近傍などでは、full update法の方が良い

とても軽い！

縮約に出てきた平均場
と本質的に同一



テンソルネットワーク法の適用例

Quantum many-body systems accommodate various exotic
states and phenomena. One of the most notable examples
is Bose–Einstein condensation (BEC), where a macro-

scopic number of bosonic particles occupy a single particle state
as in a superfluid state of liquid 4He and in cold atomic gases.
With the aid of attractive force, fermions in pairs can also
condensate as in a superconducting state of electrons. In most
antiferromagnetic insulators, the elementary excitation is a
bosonic excitation magnon, and this can form a BEC1–3. Inter-
estingly, interactions between magnons and couplings with the
basal crystalline lattice lead to rich physics in quantum anti-
ferromagnets, thereby distinguishing it from the canonical BEC.

The magnon picture has proven extremely fruitful for several
antiferromagnets composed of spin-1/2 pairs with a spin-singlet
(S= 0) ground-state, and triplet (S= 1) excitations called tri-
plons. The triplons are similar to conventional magnons excited
in an ordered antiferromagnet because both carry the spin
angular momentum of ħ, and thus the two terms are occasionally
used interchangeably2,3. At a critical applied magnetic field, the
energy of one of the Zeeman-split triplet components intersects
the ground-state singlet, thereby resulting in a long-range mag-
netic order. Specifically, the transition corresponds to a BEC of
diluted triplons (magnons), and this is typically observed in
TlCuCl34,5. Above the critical field, the magnetization starts to
increase linearly when the density of magnons increases with
magnetic field. The magnetic field acts as a chemical potential for
magnons, and thus controls the density of the magnons (which is
proportional to the magnetization).

In simple spin systems, the magnetization increases smoothly
with the magnetic field and eventually saturates. However, in
certain quantum magnets, flat regions termed as magnetization
plateaus appear at fractional magnetizations before saturation.
There are two types of magnetization plateaus: a classical one
that is described by a collinear arrangement of classical spins
and a quantum state comprising entangled spins6. Classical
magnetization plateaus are observed in triangular magnets,
such as Cs2CuBr47 and Ba3CoSb2O9

8,9, and the quantum pla-
teaus in dimer magnets such as NH4CuCl310 and
SrCu2(BO3)211.

A transition to a quantum plateau as a function of magnetic
field is considered to be a superfluid-insulator transition of hard-
core bosons (magnons). Interacting magnons in a BEC state tend
to localize due to the suppression of kinetic energy and eventually
crystallize to become “insulating” such as Mott insulators in
strongly correlated electron systems12. The magnon crystal
exhibits a fixed density of magnons, and thus the magnetization
remains at a fractional value of the full magnetization in a field
range6. The fractional value of magnetization is attributed to the
commensurability of the magnon crystal when there is no topo-
logical order. The number of magnons, QmagS(1 – m), in the
magnetic unit cell should be an integer where Qmag, S, m denote
the number of spins in the magnetic unit cell, the spin quantum
number, and the magnetization divided by the saturation mag-
netization, respectively13. In SrCu2(BO3)2, which comprises pairs
of Cu2+ ions arranged orthogonally to each other in the sheet to
form a Shastry–Sutherland lattice11, a series of magnetization
plateaus appear at m= 1/8, 1/4, 1/3 (Qmag= 16, 8, 12)14,15; and
nuclear magnetic resonance measurements directly confirmed
spontaneous translational symmetry breaking in the magnon
crystals16.

In the spin-1/2 kagomé antiferromagnet (KAFM)17–19, the
ground-state is a gapless or gapful spin liquid and the formation
of nontrivial magnons is theoretically expected immediately
below the saturation20. When the magnetic field is set to infini-
tesimally smaller than the saturation field Bs, a magnon with total
Sz= 2 in a hexagonal plaquette is generated in the fully polarized

spin state, which is the vacuum of magnons as schematically
depicted in Fig. 1. Each spin inside the hexagonal plaquette
equally carries fractional magnetization, and thus, the ‘hexagonal
magnon’’ corresponds to a highly quantum mechanical entity.
Given the absence of energy cost for magnon generation, the
density rapidly increases to 1/9 before the magnons overlap with
each other to feel mutual repulsion. This results in an decrease in
the magnetization from 1 to 7/9 at Bs20. Subsequently, a crys-
talline phase with a superstructure of the

ffiffiffi
3

p
×

ffiffiffi
3

p
unit cell with

Qmag= 9 is formed in a range of fields, thereby yielding a 7/9
magnetization plateau. A large magnon is emergently generated
on a hexagon of the kagomé lattice in the KAFM, which is sig-
nificantly different from dimer magnets with singlet and triplet
states that naturally occur on built-in pairs of Cu ions.

Here, we report the observation of a series of fractional mag-
netization plateaus in the kagomé antiferromagnet Cd-kapellasite
(CdK) and demonstrate the presence of emergent hexagonal
magnons in the kagomé lattice. Some of the observed magneti-
zation plateaus are reproduced by theoretical calculations for the
simple KAFM model, while the others may be stabilized by lattice
commensurability, additional long-range interactions, and
potentially coupling to lattice.

Results
Theoretical predictions for multiple plateaus. Recent calcula-
tions by the density-matrix-renormalization-group method, the
exact diagonalization, and the tensor network method show that
in addition to the well-established 7/9 plateau, three plateaus

0

1/9

3/9

5/9

7/9

1

M
/M

S

32

210

10
B /J

Spin

Magnon

Fig. 1 Calculated magnetization process for the spin-1/2 KAFM with the
nearest-neighbor interaction J. The tensor network method with the
projected entangled pair state (PEPS) is used. The vertical and horizontal
axes represent magnetizationM divided by saturated magnetizationMs and
magnetic field B divided by J, respectively. The top left inset shows a
schematic drawing of hexagonal magnons that are depicted by doughnuts
containing six entangled spins. The other intervening spins point upward in
the direction of magnetic field. The magnon crystal forms a superlattice
with a√3 ×√3 unit cell. The bottom right inset shows hexagonal magnons
expected to appear at the 1/3, 5/9, and 7/9 plateaus. In the upper part, the
magnons are defined by the total spin Sz= 0, 1, and 2 for the six spins on
the hexagon, respectively, while in the lower part based on the magnon
picture, the number of magnons correspond to 3 (hexagon+ double circle),
2 (single circle), and 1 (only hexagon), respectively. Using the bracket
notation, the one-magnon state with Sz= 2 is expressed as
P6

i¼1 "1ð ÞiS"i j0>, where the sum is obtained inside the hexagon, and j0>
denotes the saturated state
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カゴメ格子ハイゼンベルグ模型の磁化曲線

R. Okuma, D. Nakamura, T. Okubo et al,  
Nat. Commun. 10, 1229 (2019). 

フラストレート正方格子模型

H. Yamaguchi, Y. Sasaki, T. Okubo,  
Phys. Rev. B 98, 094402 (2018).

例：（QMCのできない）フラストレート磁性体
H. YAMAGUCHI et al. PHYSICAL REVIEW B 98, 094402 (2018)
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FIG. 4. The ground states under magnetic fields obtained from
D = 6 iTPS calculation. (a) Normalized magnetization curve, (b)
average local magnetization, (c) average local moment at T = 0
calculated using the tensor network method assuming the ratios of
the evaluated exchange constants. The illustrations describe the pre-
dicted collinear spin structure at H = 0 and field-enhanced reduction
of the local moment near the 1/2-plateau-like phase.

studies, we confirmed that the ab initio MO calculations
for verdazyl-based compounds provide reliable values of ex-
change interactions to qualitatively examine their intrinsic
behavior [45–49]. Thus, we assumed the evaluated exchange
constants to examine the qualitative behavior and fixed the
ratios as follows: J2/J1 = −0.82, J3/J1 = −0.66, J4/J1 =
−0.61, J5/J1 = 0.26, and J6/J1 = 0.20. Figure 4(a) shows
the calculated magnetization curve at T = 0, which qualita-
tively reproduces the low-field convex function and subse-
quent 1/2-plateau-like behavior. In the ground state at H = 0,
a collinear structure with twofold periodicity is realized in
each site, as shown in Fig. 4(a). Spins connected by the
weakest FM J6 in site 1 arrange in the opposite direction
to minimize an increase in the ground-state energy due to
the frustration. In the low-field region below |H/J1|"0.8,
the spins in site 1 gradually tilt toward the field direction
(H//z) with increasing field. The average local magnetization
for the field direction 〈Sz〉 in site 1 increases monotonically
up to |H/J1|"0.8, but it is still not fully polarized because
of the contribution of AFM J3 and J4 between two sites, as
shown in Fig. 4(b). Consequently, the intensively polarized
spins in site 1 do not have sufficient degrees of freedom
to modify the ground state, and site 2 forms an effective
1D J2-J5 chain. This effective 1D chain induces quantum
fluctuations attributed to its low dimensionality, resulting
in a field-enhanced reduction of the average local moment
(〈Sx〉2 + 〈Sy〉2 + 〈Sz〉2)1/2 associated with the 1/2-plateau-
like behavior, as shown in Fig. 4(c). In the field region above
approximately |H/J1|"1.2, magnetizations in both sites in-
crease toward the fully polarized phase.
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FIG. 5. (a) 31P-NMR spectra of (o-MePy-V)PF6 at 1.4 K with
various magnetic fields for H//b. (b) Local magnetic field Hloc of
P(1) and P(2) evaluated from the spectra. (c) Temperature depen-
dence of T −1

1 for P(1) and P(2) at 2.5 and 5.0 T.

E. Nuclear magnetic resonance

To investigate the local spin states, we performed 31P-NMR
measurements. Figure 5(a) shows the 31P-NMR spectra at
1.4 K for various magnetic fields along the b axis. Two
crystallographically independent P sites, P(1) and P(2), are
located on site 1 and site 2, respectively, as shown in Fig. 1(b).
We observed corresponding two-peak signals and evaluated
the magnetic shift as a local magnetic field Hloc, as shown in
Fig. 5(b). It is difficult to determine the hyperfine coupling
constants for this compound because the two peaks overlap
with each other above 20 K, owing to the small hyperfine
couplings. However, the right peak shows a relatively large
Hloc, while the Hloc of the left peak stays near 0 at 1.4 K,
as shown in Fig. 5(b). This result is consistent with the
expectation from the numerical analysis shown in Fig. 4(b),
where 〈Sz〉 for site 1 shows large values, while 〈Sz〉 for site
2 is almost zero at lower fields. Therefore, the right and left
peaks can be attributed to P(1) and P(2) sites, respectively.
The right peak is broadened below 3 T owing to the proximity
of the ordered phase, as shown in Fig. 5(a). The Hloc at P(1)
gradually increases with increasing H up to 3 T. Above 3 T,
the Hloc at P(1) shows almost field-independent behavior,
while Hloc at P(2) shows a small negative shift. This shift
at P(2) is considered to be related to the small increase of
〈Sz〉 for site 2 combined with a negative hyperfine coupling.
Figure 5(c) shows the temperature dependence of the nuclear
spin-lattice relaxation rate T −1

1 for P(1) and P(2). In the low-
field regime at 2.5 T, T −1

1 increases with decreasing temper-
ature, indicating a magnetic phase transition with a critical
slowing down at low temperature. Conversely, in the high-
field regime at 5 T, T −1

1 decreases with decreasing temperature
because of the disappearance of the ordered phase. For the
above measurements, the stretch exponent β has a relatively
small value probably because of the insufficient separation
between two sites and/or the inhomogeneous distribution of
the internal field [53].
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Tensor Netwok Solver (TeNeS)

無限系のTPS（iTPS）を用いた変分法による基底状態計算
https://github.com/issp-center-dev/TeNeS

虚時間発展法によるテンソルの最適化 
MPI/OpenMPによる大規模並列計算に対応 

mptensor（森田） によるテンソル演算の並列化 
二次元の量子スピン系やボゾン系が簡単に計算可能 

mVMCやHPhiと類似のinput file 
標準的な二次元格子にデフォルトで対応 
原理的には任意の二次元格子に対応可能

開発チーム
• 大久保毅（東大理）：アルゴリズム部分の実装 
• 森田悟史（物性研）：関連ライブラリ・ツール作成 
• 本山裕一（物性研）：メインプログラム等の設計・実装 
• 吉見一慶（物性研）：ユーザーテスト・サンプルの作成、マネージメント 
• 加藤岳生（物性研）：ユーザーテスト・サンプルの作成 
• 川島直輝（物性研）：プロジェクトリーダー
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カゴメ格子模型の磁化曲線
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【物性研高度化プロジェクト】

Y. Motoyama, T. Okubo, et al., Comput. Phys. Commun. 279, 108437 (2022).
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量子スピン模型と量子スピン液体

相互作用に競合（フラストレーション）があると:

場合によっては、基底状態が（長距離）秩序を持たない

a

b

+ + …

+ …

c
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�2

(                       +                       )

order and/or freezing is observed, by using NMR spectroscopy, at T < 1 K 
(ref. 56). More over, recent experiments show that this compound has a 
complex series of low-temperature phases in an applied magnetic field56. 
Given the exceptionally high purity of Cu3V2O7(OH)2•2H2O, an expla-
nation of its phase diagram should be a clear theoretical goal. 

Theoretical interpretations
I now turn to the theoretical evidence for QSLs in these systems and 
how the experiments can be reconciled with theory. Theorists have 
attempted to construct microscopic models for these materials (Box 2) 
and to determine whether they support QSL ground states. In the case 
of the organic compounds, these are Hubbard models, which account 
for significant charge fluctuations. For the kagomé materials, a Heisen-
berg model description is probably ap propriate. There is general theo-
retical agreement that the Hubbard model for a triangular lattice has 
a QSL ground state for intermediate-strength Hubbard repulsion near 
the Mott transition57–59. On the kagomé lattice, the Heisenberg model 
is expected to have a non-magnetic ground state as a result of frus-
tration60. Recently, there has been growing theoretical support for the 
conjecture that the ground state is, however, not a QSL but a VBS with 
a large, 36-site, unit cell61,62. However, all approaches indicate that many 
competing states exist, and these states have extremely small energy dif-
ferences from this VBS state. Thus, the ‘real’ ground state in the kagomé 
materials is proba bly strongly perturbed by spin–orbit coupling, dis-
order, further-neighbour interactions and so on63. A similar situation 
applies to the hyperkagomé lattice of Na4Ir3O8 (ref. 64).

These models are difficult to connect directly, and in detail, to 
experi ments, which mainly measure low-energy properties at low tem-
peratures. Instead, attempts to reconcile theory and experiment in detail 
have re lied on more phenomenological low-energy effective theories 
of QSLs. Such effective theories are similar in spirit to the Fermi liquid 
theory of interacting metals: they propose that the ground state has a 
certain structure and a set of elementary excitations that are consistent 
with this structure. In contrast to the Fermi liquid case, however, the 
elementary excitations consist of spinons and other exotic par ticles, 
which are coupled by gauge fields. A theory of this type — that is, pro-
posing a ‘spinon Fermi surface’ coupled to a U(1) gauge field — has 
had some success in explaining data from experiments on κ-(BEDT-
TTF)2Cu2(CN)3 (refs 65, 66). Related theories have been proposed for 
ZnCu3(OH)6Cl2 (ref. 67) and Na4Ir3O8 (ref. 68). However, comparisons 

for these materials are much more limited. In all cases, the comparison 
of theory with experiment has, so far, been indirect. I return to this 
problem in the subsection ‘The smoking gun for QSLs’.

Unexpected findings
In the course of a search as difficult as the one for QSLs, it is natural for 
there to be false starts. In several cases, researchers uncovered other 
interesting physical phenomena in quantum magnetism.

Dimensional reduction in Cs2CuCl4
Cs2CuCl4 is a spin-½ antiferromagnet on a moderately anisotropic 
trian gular lattice69,70. It shows only intermediate frustration, with f ≈ 8, 
ordering into a spiral Néel state at TN = 0.6 K. However, neutron-scat-
tering results for this compound reported by Coldea and colleagues 
suggested that exotic physical phenomena were occurring69,70. These 
experiments measure the type of excitation that is created when a neu-
tron interacts with a solid and flips an electron spin. In normal mag-
nets, this creates a magnon and, correspondingly, a sharp resonance is 
observed when the energy and momentum transfer of the neutron equal 
that of the magnon. In Cs2CuCl4, this resonance is extremely small. 
Instead, a broad scattering feature is mostly observed. The interpreta-
tion of this result is that the neutron’s spin flip creates a pair of spinons, 
which divide the neutron’s en ergy and momentum between them. The 
spinons were suggested to arise from an underlying 2D QSL state.

A nagging doubt with respect to this picture was the striking similar-
ity between some of the spectra in the experiment and those of a 1D 
spin chain, in which 1D spinons indeed exist71. In fact, in Cs2CuCl4 the 
exchange energy along one ‘chain’ direction is three times greater than 
along the diagonal bonds between chains (that is, Jʹ ≈ J/3 in Fig. 1a). 
Experimentally, however, the presence of substantial transverse disper-
sion (that is, dependence of the neutron peak on momentum perpendic-
ular to the chain axis in Cs2CuCl4), and the strong influence of interchain 
coupling on the magnetization curve, M(H), seemed to rule out a 1D 
origin, despite an early theoretical suggestion72.

In the past few years, it has become clear that discarding the idea of 
1D physics was premature73,74. It turns out that although the interchain 
coupling is substantial, and thus affects the M(H) curve significantly, 
the frustration markedly reduces interchain correlations in the ground 
state. As a result, the elementary excitations of the system are simi-
lar to those of 1D chains, with one important exception. Because the 

Figure 3 | Valence-bond states of frustrated antiferromagnets. In a VBS 
state (a), a specific pattern of entangled pairs of spins — the valence bonds 
— is formed. Entangled pairs are indicated by ovals that cover two points 
on the triangular lattice. By contrast, in a RVB state, the wavefunction is a 

superposition of many different pairings of spins. The valence bonds may 
be short range (b) or long range (c). Spins in longer-range valence bonds 
(the longer, the lighter the colour) are less tightly bound and are therefore 
more easily excited into a state with non-zero spin. 
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Spin liquid (RVB)

(L. Balents, Nature (2010))

量子スピン液体

稀な例：可解模型
基底状態がスピン液体であることが分かっている最も有名な例
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無限系のテンソルネットワークシミュレーション

エネルギー誤差0.1%程度は容易に得られる

iTPSで得られたエネルギーの誤差
(T. okubo et al, unpublished)
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キタエフ物質とテンソルネットワークでの計算例
T. Okubo, K. Shinjo, Y. Yamaji et al, Phys. Rev. B 96, 054434 (2017).

(Y. Yamaji et al. Phys. Rev. Lett. 113, 107201(2014))
Na2IrO3の第一原理スピンハミルトニアン

強いスピン軌道相互作用 実際の物質でキタエフ相互作用が実現

Kitaev + Heisenberg + Off-diagonal  interactions
+

2nd and 3rd nearest neighbor interactions

この物質の基底状態をiTPS 
を使って明らかに
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• キタエフ相互作用以外の相互作用
の影響で、基底状態はスピン液体
ではなく磁気秩序状態 

• その場合、iTPSでの計算は、第一
原理ハミルトニアンの基底状態を
正しく実現できる



関連模型への応用
LEE, KANEKO, OKUBO, AND KAWASHIMA PHYSICAL REVIEW B 101, 035140 (2020)

FIG. 1. (a) Schematics of the star lattice where the x, y, and z
bonds defined in the model [Eq. (1)] are specified by the red, blue,
and yellow colors, respectively. (b) Four local configurations and
corresponding magnetic states of the LG state [Eq. (3)] where |θ , γ 〉
is defined in Eq. (2), and x, y, z denote each bond of the model.

the flux numbers or eigenvalues of flux operators {Vp =
±1, Wp = ±1}. Since the operator V̂p consists of three Pauli
matrices, the time-reversal (TR) transformation flips its flux
number, i.e., T V̂pT −1 = −V̂p, and hence, the TR symmetry
is spontaneously broken in eigenstates of Ĥ. It was found
[22] that the ground states do not break any lattice symmetry
(that is, the CSLs) and live in the vortex-free sector, i.e.,
{Ŵp = 1, V̂p = 1}. In addition, the model exhibits a topologi-
cal phase transition between the non-Abelian and the Abelian
CSLs at J ′/J =

√
3 [22].

III. VARIATIONAL ANSATZE

A. Loop gas states

We begin with defining a product state |#(θ )〉 =⊗
α |θ , γα〉α with a local magnetic state given by

〈θ , γ |σ̂ γ ′ |θ , γ 〉 = δγ γ ′ cos θ + (1 − δγ γ ′ )
sin θ√

2
, (2)

and γα being the intertriangle bond at site α. For instance,
at site 8 in Fig. 1(a), we assign state |θ , y〉. Applying the
LG operator Q̂LG defined in Ref. [24] on top of |#(θ )〉
results in a LG state |ψLG(θ )〉 ≡ Q̂LG|#(θ )〉, which is simply
a superposition of all possible loop configurations of magnetic
states, i.e.,

(3)

Here, the empty site denotes state |θ , γα〉 whereas the loop-
occupied site stands for σ̂ γ |θ , γα〉 depending on the direction
of the loop as depicted in Fig. 1(b). Due to the LG operator,
the desired symmetries, Z2 gauge redundancy, and the vortex
freeness are guaranteed in the LG state [24]. Note that the
norm of |ψLG(θ )〉 maps into the partition function of the
classical O(1) LG model [25] with the local weights of loops
being r = cos θ and q = sin θ/

√
2 along the triangle and

dodecagon plaquettes, respectively, on the star lattice [24].

After simple algebra, the partition function can even be
mapped into that on the honeycomb lattice, i.e., ZO(1)(x) with
x being the fugacity per site,

〈ψLG(θ )|ψLG(θ )〉 = cZO(1)

(
q2

1 − r + r2

)
, (4)

where c is a constant (see Appendix A). Now, one can
optimize the variational parameter θ to minimize the energy
for a given (J, J ′). For simplicity, let us parametrize the
exchange couplings as J ′/J = tan φ. However, at φ = 0, we
consider J → ∞ whereas J ′ = 1 being finite to avoid the
trivial solution at J ′ = 0 and vice versa at φ = π/2. We em-
ploy the corner transfer matrix renormalization-group method
[26–28] to measure the energy E = 〈ψLG|Ĥ|ψLG〉 and find
θ∗(φ) minimizing the energy at a given φ. The resulting E
and θ∗ are presented in Figs. 2(a) and 2(b), respectively,
as a function of φ. Here, we present the exact energy Eex.
The optimal local weights (q∗, r∗) = (sin θ∗/

√
2, cos θ∗) are

also presented in Fig. 2(b), which provide new insight into
the nature of each phase. As one can see, the variational
energy of the LG ansatz is quite accurate in 0.4π < φ ! 0.5π
where the energy deviation dE = 1 − E/Eexact is less than
0.1% as shown in the inset of Fig. 2(a). In particular, the
energy becomes exact (within machine precision) at φ = 0.5π
at which r is maximized whereas q vanishes as shown in
Fig. 2(b). It indicates that the configurations with only triangle
loops and holes survive. In this sense, the Abelian CSL phase
can be understood as the triangle loop gas in which longer
loops are suppressed.

Interestingly, the variational energy becomes also exact
(within machine precision) as approaching the opposite limit
φ = 0 where the excitation gap closes as J ′2/J [22,29].
Note that ZO(1)(x) in Eq. (4) becomes critical at xc = 1/

√
3

[25], which leads to the critical LG state at (qc, rc) =
(
√

2
√

3 − 3, 2 −
√

3). Remarkably, the LG state is optimized
with (qc, rc) at φ = 0 which implies that the ground state is
the critical LG state exhibiting macroscopic loops. Further-
more, its low-energy physics is described by the Ising CFT
[25] which is consistent with the expected one [22,30–32].
Therefore, according to this circumstantial evidence, we may
conclude that the LG ansatz at φ = 0 is the exact ground state.
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FIG. 1. (a) Schematics of the star lattice where the x, y, and z
bonds defined in the model [Eq. (1)] are specified by the red, blue,
and yellow colors, respectively. (b) Four local configurations and
corresponding magnetic states of the LG state [Eq. (3)] where |θ , γ 〉
is defined in Eq. (2), and x, y, z denote each bond of the model.
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±1, Wp = ±1}. Since the operator V̂p consists of three Pauli
matrices, the time-reversal (TR) transformation flips its flux
number, i.e., T V̂pT −1 = −V̂p, and hence, the TR symmetry
is spontaneously broken in eigenstates of Ĥ. It was found
[22] that the ground states do not break any lattice symmetry
(that is, the CSLs) and live in the vortex-free sector, i.e.,
{Ŵp = 1, V̂p = 1}. In addition, the model exhibits a topologi-
cal phase transition between the non-Abelian and the Abelian
CSLs at J ′/J =
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3 [22].

III. VARIATIONAL ANSATZE

A. Loop gas states

We begin with defining a product state |#(θ )〉 =⊗
α |θ , γα〉α with a local magnetic state given by

〈θ , γ |σ̂ γ ′ |θ , γ 〉 = δγ γ ′ cos θ + (1 − δγ γ ′ )
sin θ√

2
, (2)

and γα being the intertriangle bond at site α. For instance,
at site 8 in Fig. 1(a), we assign state |θ , y〉. Applying the
LG operator Q̂LG defined in Ref. [24] on top of |#(θ )〉
results in a LG state |ψLG(θ )〉 ≡ Q̂LG|#(θ )〉, which is simply
a superposition of all possible loop configurations of magnetic
states, i.e.,

(3)

Here, the empty site denotes state |θ , γα〉 whereas the loop-
occupied site stands for σ̂ γ |θ , γα〉 depending on the direction
of the loop as depicted in Fig. 1(b). Due to the LG operator,
the desired symmetries, Z2 gauge redundancy, and the vortex
freeness are guaranteed in the LG state [24]. Note that the
norm of |ψLG(θ )〉 maps into the partition function of the
classical O(1) LG model [25] with the local weights of loops
being r = cos θ and q = sin θ/
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2 along the triangle and
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After simple algebra, the partition function can even be
mapped into that on the honeycomb lattice, i.e., ZO(1)(x) with
x being the fugacity per site,

〈ψLG(θ )|ψLG(θ )〉 = cZO(1)

(
q2

1 − r + r2

)
, (4)

where c is a constant (see Appendix A). Now, one can
optimize the variational parameter θ to minimize the energy
for a given (J, J ′). For simplicity, let us parametrize the
exchange couplings as J ′/J = tan φ. However, at φ = 0, we
consider J → ∞ whereas J ′ = 1 being finite to avoid the
trivial solution at J ′ = 0 and vice versa at φ = π/2. We em-
ploy the corner transfer matrix renormalization-group method
[26–28] to measure the energy E = 〈ψLG|Ĥ|ψLG〉 and find
θ∗(φ) minimizing the energy at a given φ. The resulting E
and θ∗ are presented in Figs. 2(a) and 2(b), respectively,
as a function of φ. Here, we present the exact energy Eex.
The optimal local weights (q∗, r∗) = (sin θ∗/

√
2, cos θ∗) are

also presented in Fig. 2(b), which provide new insight into
the nature of each phase. As one can see, the variational
energy of the LG ansatz is quite accurate in 0.4π < φ ! 0.5π
where the energy deviation dE = 1 − E/Eexact is less than
0.1% as shown in the inset of Fig. 2(a). In particular, the
energy becomes exact (within machine precision) at φ = 0.5π
at which r is maximized whereas q vanishes as shown in
Fig. 2(b). It indicates that the configurations with only triangle
loops and holes survive. In this sense, the Abelian CSL phase
can be understood as the triangle loop gas in which longer
loops are suppressed.

Interestingly, the variational energy becomes also exact
(within machine precision) as approaching the opposite limit
φ = 0 where the excitation gap closes as J ′2/J [22,29].
Note that ZO(1)(x) in Eq. (4) becomes critical at xc = 1/

√
3

[25], which leads to the critical LG state at (qc, rc) =
(
√
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3 − 3, 2 −
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3). Remarkably, the LG state is optimized
with (qc, rc) at φ = 0 which implies that the ground state is
the critical LG state exhibiting macroscopic loops. Further-
more, its low-energy physics is described by the Ising CFT
[25] which is consistent with the expected one [22,30–32].
Therefore, according to this circumstantial evidence, we may
conclude that the LG ansatz at φ = 0 is the exact ground state.
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non-Abelian

エネルギー

Abelian

TPS表現で 
カイラルスピン液体を 
高精度に近似

H.-Y. Lee, R. Kanako, et al, Nat. Commun.  11, 1639 (2020).

 model:KΓΓ′ α-RuCl3の有効模型

In the classical limit, the 8-, 18-, and 32-site magnetic orders
are stabilized in a similar parameter regime28. Our result indicates
that strong quantum fluctuation melts the competing large unit-
cell orders, leading to the restoration of the translational
symmetry, while the rotational symmetry remains broken. We
have also found that the NP phases appear and survive down to
almost zero field limit in the K-Γ model as shown below. By
increasing the accuracy of the iTPS representation (see Supple-
mentary Note 7), we have confirmed that the NP states are
quantum paramagnet and develop finite magnetization only in
the presence of the field.

In the [111] magnetic field, the nature of the transition between
P and NP1 phases is not clear. Even though the local observables
show finite jumps at the transition, these are not very distinctive
compared to other transitions and may originate from the
inherently biased optimization in ITE, which is analyzed carefully
in Supplementary Note 2. The non-triviality of the NP phases is
revealed by tilting the magnetic field slightly toward the ½11!2"
direction. Figure 3a presents the optimized energy and its second
derivative with respect to Γ=jKj at the tilting angle θ ¼ 5$. Notice

that, owing to the tilted field, the model breaks the rotational
symmetry explicitly, and thus there is no remaining symmetry
discriminating the P and NP phases. Nevertheless, the second
derivative of the energy strongly suggests a continuous phase
transition between the P and NP2 phases (see Fig. 3b) at
Γ=jKj % 0:05. Note that the tilted field with θ > 0 leads to a
transition from the P phase directly to the NP2 phase. On the
other hand, tilting the field in the opposite direction (θ < 0) favors
the NP1 phase and therefore gives rise to a transition from the P
phase to the NP1 phase (see Supplementary Note 6). The
continuous nature of these transitions can be seen even more
clearly in the entanglement entropy (EE)36–38. The boundary
theory of TPS39 has been employed to measure the EE on the
cylinder geometry with the circumference Ly , and the result is
presented in Fig. 3c, d. The NP1 state is highly entangled and its
EE increases with Γ, while the P state has a low and constant EE.
The first derivative of the EE exhibits a peak at the same point as
that of the second derivative of the energy, and it becomes
sharper with increasing Ly and the accuracy of the variational
ansatz (see Supplementary Note 3). Therefore, we conclude that
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磁場中基底状態相図

キタエフスピン液体 “相” の決定と 
新しい非磁性相（ネマチック相）の発見



最近の発展：有限温度計算への適用

有限温度の密度行列をテンソルネットワークで近似するLETTERRESEARCH

Fig. 2a, where H∥ = Hsinθ and H⊥ = Hcosθ are the field components 
parallel and perpendicular to the a axis, respectively, and θ is the angle 
between H and the c axis. In zero field, κxx exhibits a distinct kink at 
TN, as shown in Fig. 2a. Although this kink is observed in a perpendic-
ular field (θ = 0°) of 12 T at the same temperature, no such anomaly is 
observed in a parallel field11,12 (θ = 90°) of 7 T. In Fig. 2a, we also plot 
κxx in an applied magnetic field of 8 T, tilted away from the c axis 
(θ = 60°, µ0H∥ ≈ 7 T). As in the case of the parallel field, no kink is 

observed. Figure 1c displays the phase diagram of an α-RuCl3 sample 
in a tilted field of θ = 60°, where TN is plotted as a function of H∥. The 
inset of Fig. 2b shows TN plotted as a function of H∥ for θ = 45°, 60° and 
90°. For θ = 60°, TN agrees well with that for 90° and vanishes at the 
same critical field of µ0

∗H  ≈ 7 T, whereas for 45° TN vanishes at 
µ0H∥ ≈ 6 T. Although TN does not scale perfectly with H∥, these results 
demonstrate the quasi-2D nature of the magnetic properties. In stark 
contrast to the strong out-of-plane (a–c) anisotropy, the in-plane (a–b) 
anisotropy is very small (Extended Data Fig. 3a–c).

Above = ∗H H , where the AFM order melts, the presence of a pecu-
liar spin-liquid state has been suggested on the basis of nuclear mag-
netic resonance and neutron scattering measurements; the former show 
the presence of a spin gap25 and the latter reveal unusual continuous 
spin excitations26. These magnetic properties are consistent with those 
expected in a Kitaev-type spin-liquid state.

To study the thermal Hall effect in the spin-liquid state above 
= ∗H H , κxy is measured by sweeping fields in tilted directions and 

obtained by anti-symmetrizing the thermal response of the sample with 
respect to the field direction. In this configuration, the Hall response 
is determined by H⊥. Because the magnitude of κxy is extremely small 
compared to κxx in α-RuCl3, special care is taken to detect the intrinsic 
thermal Hall signal (see Methods). Figure 3a–d and Fig. 3e–h depict 
κxy/T at θ = 60° and 45°, respectively, plotted as a function of H⊥ above 

= ∗H H  at low temperatures. The experimental error in the detection 
of the temperature difference between Hall contacts becomes consid-
erable below 3.5 K, leading to unreliable determination of κxy in our 
setup.

In the AFM state, κxy/T is extremely small (see Extended Data Fig. 4). 
Upon entering the field-induced spin-liquid state, κxy/T, which is pos-
itive in sign, increases rapidly. The most striking feature is that κxy/T 
exhibits a plateau in the field range of 4.5 T < µ0H⊥ < 4.8–5.0 T for 
θ = 60° and 6.8 T < µ0H⊥ < 7.2–7.4 T for θ = 45°, as shown in Fig. 3a–c 
and Fig. 3e–g, respectively. The right axes represent κ /Txy

2D  in units of 
quantum thermal Hall conductance π/ k ħ( 6)( )B

2 , where κ κ= dxy xy
2D  with 

a layer distance21 of d = 5.72 Å. Remarkably, the plateau is very close to 
the half of the quantum thermal Hall conductance reported in the inte-
ger quantum Hall system27 within the error of 3%, demonstrating the 
emergence of a half-integer thermal Hall conductance plateau. Above 
µ0H⊥ ≈ 5.0 T for θ = 60° (7.4 T for θ = 45°), κ /Txy

2D  decreases rapidly 
and vanishes. We note that the half-integer quantized plateau is repro-
duced in crystal from different growth (Extended Data Fig. 5). 
Although the plateau behaviour seems to be preserved at 5.6 K, κ /Txy

2D  
slightly deviates from the quantized value. At higher temperatures, the 
plateau behaviour disappears (Fig. 3d, h).

The temperature dependence of κxy/T at magnetic fields where a 
plateau is observed is shown in Fig. 4. The half-integer thermal Hall 
conductance is observable up to about 5.5 K, above which κxy/T 
increases rapidly with T. As shown in the inset of Fig. 4, κxy/T decreases 
after reaching a maximum at around 15 K and nearly vanishes above 
about 60 K (see Extended Data Fig. 6). As the vanishing temperature 
of κxy/T is close to the Kitaev interaction, it is natural to consider that 
the finite thermal Hall signal reflects unusual quasiparticle excitations 
inherent to the spin-liquid state governed by the Kitaev interaction 
(see Methods for further discussion).

In equation (1), the coefficient q gives the chiral central charge of the 
gapless boundary modes, which propagate along one direction. The 
central charge represents a degree of freedom of one-dimensional gap-
less modes; it is unity for conventional fermions and 1/2 for Majorana 
fermions whose degrees of freedom are half of those of conventional 
fermions. An integer quantum Hall system with bulk Chern number 
ν has ν boundary modes with q = ν, whereas a Kitaev QSL with Chern 
number ν has ν Majorana boundary modes with q = ν/2. Thus, the 
observed half-integer thermal Hall conductance provides direct evi-
dence of chiral Majorana edge currents. We also note that the positive 
Hall sign is also consistent with that predicted in the Kitaev QSL1. In the 
pure Kitaev model, the excitation energy of the Z2 flux is estimated7 to 
be ∆F/kB ≈ 0.06JK/kB ≈ 5.5 K. Recent numerical results16 of the thermal 
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Fig. 1 | Chiral Majorana edge currents and temperature–magnetic field 
phase diagram of α-RuCl3. a, b, Schematic illustrations of heat 
conduction in the integer quantum Hall state of a 2D electron gas (a) and a 
Kitaev QSL state (b) in a magnetic field perpendicular to the sample plane 
(grey arrows). In the red (blue) area, the temperature is higher (lower), and 
the red and blue arrows represent thermal flow. In the quantum Hall state, 
the skipping orbits of electrons (green spheres) at the edge, which form 
one-dimensional edge channels, conduct heat and κxy is negative in sign. In 
the Kitaev QSL state, spins are fractionalized into Majorana fermions 
(yellow spheres) and Z2 fluxes (hexagons). The heat is carried by chiral 
edge currents of charge-neutral Majorana fermions and κxy is positive in 
sign. c, Phase diagram of α-RuCl3 in a field tilted at θ = 60° (see right inset, 
where green and blue arrows represent the magnetic field H and parallel 
field component H∥). Open and closed diamonds represent the onset 
temperature of AFM order with zigzag-type TN determined by the T and 
H dependences of κxx, respectively (see Fig. 2b and Extended Data Figs. 1 
and 2). Below T ≈ JK/kB ≈ 80 K, the spin-liquid (Kitaev paramagnetic) 
state appears. At µ ≈∗H 7 T0 , TN vanishes. A half-integer quantized plateau 
of the 2D thermal Hall conductance is observed in the red area. Open blue 
squares represent the fields where the thermal Hall response disappears. 
The red circle is the suggested topological phase-transition point that 
separates the non-trivial QSL state with topologically protected chiral 
Majorana edge currents from a trivial state, such as a non-topological spin 
liquid. The striped region denotes the region that was not accessible in the 
thermal Hall effect measurements. Error bars represent one standard 
deviation (error bars for the temperature are smaller than the symbols). 
The left inset shows the zigzag magnetic structure in the AFM state. The 
magnetic moments of Ru atoms represented by blue and green arrows are 
aligned antiparallel.
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キタエフ模型での熱ホール伝導度の計算

-1.0

0.0

1.0

2.0

3.0

4.0(a)

0.0

1.0

2.0

3.0

4.0
(b)

 0.01  0.1  1

 0.01  0.1  1

T. Okubo, J. Nasu, T. Misawa, Y. Motome, in preparation.
大久保毅, 固体物理 Vol. 57, No.11, 633 (2022).

有限温度では、極低温でキタエフスピン液体に期待される半整
数量子化値よりも大きな熱ホール伝導度

Y. Kasahara et al., Nature 559, 227 (2018). 

LETTERRESEARCH

Hall conductance for the 2D pure Kitaev model calculated with the 
quantum Monte Carlo method show that quantization occurs slightly 
below ∆F/kB. Experimentally, ∆F/kB is estimated25 to be 10 K, which 
is consistent with the persistence of the thermal Hall quantization up 
to around 5 K.

In the plateau regime of κxy, no anomaly is observed in κxx, probably 
because phonon contributions largely dominate over fermionic excita-
tions arising from spins in κxx in the whole temperature range28,29. 
Moreover, owing to the strong spin–phonon coupling in α-RuCl311, the 
phonon conductivity is expected to show complicated H and T depend-
ences. The observed behaviour of the plateau as a function of H and T 
therefore demonstrates that κxy/T is not affected by spin–phonon scat-
tering in the plateau regime, providing strong support for topological 
protection. The fact that κxy vanishes at the highest fields, as shown 
in Fig. 3a–c, e–g, provides direct evidence that the thermal Hall effect 
is not influenced by phonons, demonstrating that κxy is a unique and 
powerful probe in the search for Majorana quantization.

We stress that a half-integer thermal Hall conductance in a bulk 
material is a direct consequence of the chiral Majorana edge current. 
Recent experiments based on the proximity effect between a quantum 
anomalous Hall insulator and a conventional superconductor have 
reported a signature of chiral Majorana edge modes20. However, this is 
based on the observation of half-integer quantization of the longitudi-
nal electrical conductance via the scattering matrix effect between the 
edge states of the insulator and superconductor. Moreover, Majorana 
fermions in Kitaev magnets and topological superconductors have 
essentially different features. In the former, strong correlations give 
rise to Majorana fermions, whereas in the latter they do not play a role. 
In addition, Majorana fermions exist inside the bulk of a sample in the 
Kitaev QSL state, in sharp contrast to topological superconductors, 
where they appear only at the edges. This distinct nature of Majorana 
fermions is supported by the fact that the quantum plateau disappears 
below about 400 mK in a topological superconductor device20, whereas 
it is preserved up to around 5 K in α-RuCl3.

At θ = 60°, κ /H T( )xy
2D  increases slightly from the quantized value 

before going to zero at a high field at 4.3 K and 4.9 K, which is repro-
duced in a different crystal (Extended Data Fig. 5a). However, such a 
behaviour is not observed at θ = 45°. On the other hand, an overshoot 
is also observed in the temperature dependence of κxy

2D, irrespective of 
the angle (Fig. 4) and crystal (Extended Data Fig. 5b); therefore, there 
seem to be certain high-energy corrections that are responsible for the 
excess conductivity at high fields and high temperatures. These over-
shoots are in contrast to the numerical results of the thermal Hall effect 
for the 2D pure Kitaev model with a weak magnetic field16. Meanwhile, 
it has been pointed out that non-Kitaev interactions, such as Heisenberg 
and off-diagonal ones, are important for α-RuCl3

30,31. Hence, the 

discrepancy may be attributed to high-field effects or non-Kitaev inter-
actions, which deserves further study.

The near vanishing of κ /Txy
2D  after its rapid suppression in the high-

field regime (Fig. 3a–c, e–g) demonstrates the disappearance of chiral 
Majorana edge currents. As shown by the open blue square in Fig. 1c, 
the temperature at which κ /Txy

2D  vanishes decreases rapidly with 
decreasing H∥. This suggests a topological quantum phase transition 
from the non-trivial QSL to a trivial high-field state, where the thermal 
Hall effect is absent, at µ0H∥ ≈ 9 T, as shown by the red circle in 
Fig. 1c32. The specific heat at 0.47 K for θ = 60° exhibits a dip-like 
anomaly in the vicinity of 9 T, which can be associated with an abrupt 
change of the spin gap at the topological transition, strongly supporting 
the presence of a characteristic field revealed by κxy/T (Extended Data 
Fig. 7a–c). The vanishing of κxy/T at the highest fields is unlikely to be 
due to the crossover to a simple forced ferromagnetic state because the 
magnetization at 9 T is less than 1/3 of the fully polarized value, indi-
cating that paramagnetic spins still remain. The observation of half- 
integer thermal Hall conductance reveals that topologically protected 
chiral Majorana edge currents persist in α-RuCl3, even in the presence 
of non-Kitaev interactions and a parallel field. This observation opens 
a possibility of using Majorana fermions and their link to non-Abelian 
anyons, which are important for topological quantum computing, 
revealing novel aspects of strongly correlated topological quantum 
matters.

Online content
Any Methods, including any statements of data availability and Nature Research 
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テンソルネットワーク計算
は、現時点でも非常に強力



コンテンツ
• はじめに 

• テンソルとテンソルネットワーク 
• 量子状態の表現と古典計算の困難 
• テンソルネットワークの基礎 

• 量子状態の情報圧縮 
• テンソルネットワーク分解 
• 量子状態のエンタングルメント 

• 種々のテンソルネットワークと量子エンタングルメント 
• テンソルネットワークの多彩な応用例 
• 量子物性への応用 

• 2次元無限系の計算手法 

• Kitaev模型への応用例 
• 量子コンピュータへの期待と応用例 

• まとめ



量子コンピュータへの期待

「難しい問題」を解くには、莫大な古典計算機の計算リソースが必要

テンソルネットワークを用いた古典計算は強力(a)

小さいテンソルに分解

(b) (c)

cf. スピン液体

エンタングルメントの大きな 
量子状態

大きなテンソルが必要 
（大きなボンド次元 D）

数百量子ビットの量子コンピュータが実現
数百粒子系の量子多体問題を古典コンピュータ
よりも高速・高精度に解ける可能性？



量子計算と古典計算のクロスオーバー
N. Yoshioka, T.O, Y. Suzuki, Y. Koisumi, and W. Mizukami, arXiv:2210.14109

基底状態をエネルギー誤差

*Eは全エネルギー 
（密度ではない）

• 10 × 10 ハイゼンベルグ模型：1時間程度 
• 10 × 10 ハバード模型：数時間程度

誤り耐性量子コンピュータの場合
量子位相推定で、物性物理の問題を効率的に解ける場合がある

で求めるための計算時間

 （並進対称性がある）物性物理の問題は誤り耐性量子コンピュータの良い応用例！

ただし、その実現には、まだ20 - 30年程度かかる…

(a) (b)
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近未来の量子コンピュータでできること

NISQ: Noisy Intermediate-Scale Quantum computer
誤り訂正のない量子コンピュータ

• 量子ゲートの演算や測定に種々のノイズが含まれる 
• そのため、量子性を保って演算できる数に制限が存在

NISQをどう量子多体問題に使うか？

(A. Peruzzo, et al, Nature Communications, vol.5, 4213 (2014). )

VQE: Variational Quantum Eigen solver

NISQ 古典コンピュータエネルギー 
その微分 変分エネルギーを低くするような 

新しいパラメタθを提案

新しい θ

波動関数＝量子回路

一例は量子回路を試行関数とする変分法



2. VQE型のアルゴリズムで古典コンピュータの計算に勝てるのか？ 
• 古典コンピュータ： 

• 数百スピン系を扱うこと自体は難しくはない（cf. VMC, DMRG, PEPS/TPS) 

• 並進対称性のある量子状態では、無限系も直接取り扱える (cf. iPEPS/iTPS, iMPS) 

• NISQ ?

VQEを難しい量子多体問題に使えるのか？
1. 量子回路は効率の良い波動関数の表現になっているのか？ 

• 量子ゲート数の制限により、厳密な波動関数の表現は不可能 
• どのようにして、波動関数の効率的な量子回路を得たら良いだろうか？

• ターゲットとなる量子状態の良い近似になっている 
• それを量子回路で表現できる

テンソルネットワーク状態が

場合、NISQと組み合わせて、古典コンピュータに勝てる可能性！



量子・古典エンタングルアルゴリズムの提案
量子・古典エンタングルアルゴリズム

NISQでの計算に密接に古典（スーパー）コンピュータを利用

<latexit sha1_base64="5gbO9cY4lCCZw1hOcrAmczdTUNY="></latexit>
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変換 New 
 gates

古典 TNS NISQ上での小さなクラスター

1. 重要な長距離の量子相関は古典的なテンソルネットワークで表現 

2. その精度を向上するために、短距離の相関に相当する量子回路を追加し、NISQ は、

（小さな系で）追加量子回路だけを最適化 
3. 最適化された回路を大きな系（無限系）に拡大し、その物性を古典コンピュータで評価

スーパーコンピュータを用いて 
大きな系の物性を評価

＊ポイント
最適化では精度が要求されるが 
物性評価では誤差が許容される



量子古典エンタングルアルゴリズムの詳細
1. 長距離の量子相関はテンソルネットワークで表現

最初のステップとして、長距離の量子相関を適切に捉えた
テンソルネットワーク状態を準備する

• 量子多体問題の場合、面積則が期待できるため、MERA, PEPSなどで、適切な量
子状態が準備可能だと期待される。 

• 一般には、そのようなテンソルネットワーク状態は数値計算で準備可能 
• 事前知識を用いれば、手でそのようなテンソルネットワークが準備できる場合
もある（この例を後で紹介）

(a)

小さいテンソルに分解

(b) (c)
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量子古典エンタングルアルゴリズムの詳細
2. 精度を向上するために、短距離の相関に相当す
る量子回路を追加
このステップでは、準備したテンソルネットワーク（cf. 
無限系）よりも小さなクラスターを考える。 
• テンソルネットワークを isometric TNS に変形 
• それを量子回路で表す 

• この二段階では近似が必要な場合もある 
• さらにパラメタ付きの量子回路を追加

2

(b)

(c)

(a) (d)

�1,1

FIG. 1. Schematic representation of the canonical form in
1D and 2D. (a) Left and right isometries are represented by
arrows whose orientation indicates whether A†A = BB† = 1.
We view the isometry as an RG-like procedure from the large
Hilbert space (incoming arrow) to the smaller one (outgoing
arrow). (b) A 1D MPS can by brought into a mixed canoni-
cal form with orthogonality center ⇤. Note that each dangling
physical index implicitly has an incoming arrow. (c) Expec-
tation values of local operators can be directly obtained from
⇤. (d) 2D canonical form with a center column ⇤ and row
(highlighted in red). The orthogonality center tensor � is
marked by a red dot. In blue we indicate an example of a
subregion with only outgoing arrows, whose boundary map is
consequently an isometry.

.

tensors A,⇤, B and write

 = A1A2
· · ·A`�1⇤`B`+1

· · ·BN (1)

as shown in Fig. 1b. It is easy to verify that the canonical
form is satisfied if and only if each Aa, Ba is individually
an isometry from the left/right respectively. TV !@V is
an isometric boundary map if and only if the boundary
@V has only outgoing arrows. On the other hand, a re-
gion with only incoming arrows, like ⇤, is precisely the
wavefunction of the system expressed in a orthonormal
basis, so it is called an orthogonality center. In particu-
lar, k k = k⇤k and any site-` expectation value can be
locally computed as h |O`

| i = h⇤|O`
|⇤i, as seen in

Fig. 1c, because the A, B tensors in its exterior contract
to 1 by the isometry condition.

Once the canonical form is understood as a restriction
on the boundary maps, it can naturally be generalized
to higher dimensions. By analogy to Eq. (1), we demand
that each row and column of the TNS is an isometry, as
indicated in Fig. 1d. This constraint can be satisfied by
further demanding that each tensor is an isometry from a
physical and two ancilla legs to the remaining two ancillas
according to the direction of the arrows indicated. This
gives a causal structure to the tensor-network, though
in our convention time flows opposite to the direction of
the arrows. As in 1D, there is a set of space-like surfaces
with only outgoing arrows whose “past” defines the wave-
function in a orthonormal basis and whose “future” is an
isometric boundary map. An expectation value h |O | i

depends only on the tensors in the past of the insertion
O. Formally, the network between two space-like surfaces
defines a Krauss decomposition of a quantum channel re-
lating the boundary ancilla.
There is a special row and column ⇤ (highlighted in

red in Fig. 1d) of the TNS with only incoming arrows.
Because its exterior is an isometry from the physical to
the incoming ancillas, ⇤ is the wavefunction of the sys-
tem in an orthonormal basis. Hence ⇤ can be treated just
like an MPS and can itself put into 1D canonical form
(consequently its orthogonality center tensor, �, can be
moved freely using the standard 1D algorithm). Tracing
over the left or right ancillas of ⇤ results in a density
matrix which is iso-spectral to the reduced density ma-
trix of the right or left, e.g. ⇢L ⇠ ⇤⇤†, so ⇤ encodes the
entanglement spectrum. For any operator O inside ⇤,
h |O | i = h⇤|O |⇤i, e.g., there is a dimensional reduc-
tion to a 1D expectation value which can be computed
e�ciently without further approximations via standard
MPS algorithms. This is in stark contrast to generic
TNS where expectation values require an approximate
contraction of the entire network using, e.g., boundary
MPS [29] or corner transfer matrices [8, 9]. Furthermore,
any variationally optimal compression of ⇤ (such as trun-
cation of its entanglement spectrum via SVD) is varia-
tionally optimal for the global state. The great utility
of both properties will become clear in the TEBD2 algo-
rithm we propose below.
It is an interesting and open question how the varia-

tional power of an isometric TNS di↵ers from that of a
generic TNS. One restriction is that many of its corre-
lations must decay exponentially, because any two-point
function along the orthogonality center can be reduced
to that of the MPS ⇤, which must have exponentially
decaying correlations. In contrast, a generic 2D TNS can
represent power-law correlations. On the other hand, a
number of gapped fixed point TNSs [30–32], such as the
toric code and “perfect” TNSs, can explicitly be put into
MPS2 form.
Shifting the orthogonality center. The canonical form

is only useful for computational purposes if the orthog-
onality center ⇤ can be moved throughout the network
e�ciently. In 1D, for example, the basic move ⇤`B`+1 =
A`⇤`+1 can be accomplished by any orthogonal matrix
factorization, i.e. QR or a singular value decomposition
(SVD). In 2D we need to solve the same equation but
with A,⇤, B entire columns of the TNS. Using QR or
SVD is hopeless, as it will destroy the locality required
to express ⇤ as an MPS. The key insight is that the
canonical form can be preserved under a unitary inser-
tion (A`U†)(U⇤`+1). We propose to use this ambiguity
to choose A` such that it “disentangles” ⇤`+1, so that
⇤`+1 has an e�cient (low rank) MPS form.
It is actually su�cient to solve a simpler auxiliary

problem: decompose ⇤` = A`⇤, where ⇤ is a wave-
function with only ancilla degrees of freedom (a “zero-

Isometric TN
M.P. Zaletel et al,  

PRL 124, 037201 (2020)

TNS 
(for a small 

system)

QC 
rep. of  
TNS

0
0
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QC 
TNS

0
0

0
0

0



量子古典エンタングルアルゴリズムの詳細
3. NISQを用いて、小さなクラスターの追加回路パラメタを最適化

このステップでは、エネルギー（や任意のコスト関数）を最小化するよ
うに、追加回路のパラメタを最適化する 

• 元のテンソルネットワーク状態の部分は固定する 
• 小さい系を考えているので、TNS部分を最適化すると長距離相
関の構造が壊れる可能性 

• 一方で、追加回路は短距離相関を表すと考えているので、小さい系
でも適切に最適化できると期待

QC 
TNS

0
0

0
0

0

optimized  
by NISQ



量子古典エンタングルアルゴリズムの詳細
4. 最適化された状態を大きな系に拡張して、古典コンピュータで解析
最後に、並進対称性を利用して、系を拡張し、新しいテンソルネット
ワーク状態を構成する 

• 大きな系は、最適化された回路のコピーで構成される 
• iTPSのように、無限系を考えることもできる

optimized  
QC

新しいTNSのボンド次元は初期のTNSよりも大きい 
• このTNSを直接古典コンピュータで最適化することはできない 
• 一方で、物理量などは、近似的な縮約、モンテカルロサンプリングなど
で評価可能

larger system

TNS
evaluated   

by supercomputer



キタエフスピン液体での検証



例：キタエフスピン液体とテンソルネットワーク
フラックス演算子：

<latexit sha1_base64="W682k5HZHC55Sa9dltWKkHJWjdg="></latexit>

<latexit sha1_base64="E0T+XqpTjGXqn5suN9e7QeU/0Lw="></latexit>

1 2

3

45

6
• 固有値は±1 
• ハミルトニアンと可換＝保存量 
• 異なる場所のフラックスも可換

キタエフスピン液体は、全ての六角形でフラックスが1

への射影演算子？：Wi = 1
<latexit sha1_base64="IOTdH0oceO4YyPxSJKbuAwguCn0="></latexit>

この演算子は D=2 のテンソルネットワークで表現できる

<latexit sha1_base64="e7S788hBjf0Z0GqQ70HK3SPLUO4="></latexit>

<latexit sha1_base64="6jwF2nZk7bcqAv+7xMMvPfHiqeY="></latexit>

,

"Vortex free"



Vortex free への射影演算子

Vortex free 状態への射影演算子：
<latexit sha1_base64="cM9tn4zUIEqvw6MAcwa/nUrBiPA="></latexit>

"loop gas" 演算子で記述できる

<latexit sha1_base64="ccuq4D+YLu2fUzdUijOAqqUfvvk="></latexit>

(D=2, TPO)

<latexit sha1_base64="Q1yyuOHnY94tWSGEq2mzUMnALJw="></latexit>

<latexit sha1_base64="GeBdsvXIfKYSrDYt1IZk+j1NyxU="></latexit>

<latexit sha1_base64="c2SbhQYU6fXUqUPH+9e5xe3Gov8="></latexit>

<latexit sha1_base64="mdN6ENvy0zxxoKY+E8JoeyGrkD0="></latexit>

<latexit sha1_base64="itf8JOCM3DmJhnPtXWU6sNRHkck="></latexit>

<latexit sha1_base64="oczxxW4q5+6lMb6/PWLltwvyux4="></latexit>

<latexit sha1_base64="U8Mq87rKaD935RVSNZdZ4gVeHyQ="></latexit>

<latexit sha1_base64="5pGKh0Kh2GqTRcauZLwn9JCYp/Y="></latexit>

<latexit sha1_base64="5pGKh0Kh2GqTRcauZLwn9JCYp/Y="></latexit>

<latexit sha1_base64="5pGKh0Kh2GqTRcauZLwn9JCYp/Y="></latexit>

<latexit sha1_base64="/b8KW4L7OThp3CoolX9X+osVKZU="></latexit>

<latexit sha1_base64="5pGKh0Kh2GqTRcauZLwn9JCYp/Y="></latexit>

<latexit sha1_base64="npgCp6zgIF4GUS2dn6ABrfHx/bI="></latexit>

<latexit sha1_base64="ZOg6jh9uh05ttpcfHfldAAMSiSQ="></latexit>

<latexit sha1_base64="7+lucWFhJR+HSjclAA0Yb5mP88M="></latexit>

<latexit sha1_base64="o9yYeoDgANMt6DrpOFay0A5u3AA="></latexit>

<latexit sha1_base64="5pGKh0Kh2GqTRcauZLwn9JCYp/Y="></latexit>

<latexit sha1_base64="o9yYeoDgANMt6DrpOFay0A5u3AA="></latexit>

<latexit sha1_base64="o9yYeoDgANMt6DrpOFay0A5u3AA="></latexit>

<latexit sha1_base64="o9yYeoDgANMt6DrpOFay0A5u3AA="></latexit>

<latexit sha1_base64="5pGKh0Kh2GqTRcauZLwn9JCYp/Y="></latexit>

<latexit sha1_base64="o9yYeoDgANMt6DrpOFay0A5u3AA="></latexit>

<latexit sha1_base64="o9yYeoDgANMt6DrpOFay0A5u3AA="></latexit>

Non zero elements:

H.-Y. Lee, R. Kanako, T.O. and N. Kawashima, PRL 123, 087203 (2019)



演算子のループ構造

全ての閉じたループの和！

<latexit sha1_base64="Q1yyuOHnY94tWSGEq2mzUMnALJw="></latexit>

<latexit sha1_base64="GeBdsvXIfKYSrDYt1IZk+j1NyxU="></latexit>

<latexit sha1_base64="c2SbhQYU6fXUqUPH+9e5xe3Gov8="></latexit>

<latexit sha1_base64="mdN6ENvy0zxxoKY+E8JoeyGrkD0="></latexit>

<latexit sha1_base64="itf8JOCM3DmJhnPtXWU6sNRHkck="></latexit>

<latexit sha1_base64="oczxxW4q5+6lMb6/PWLltwvyux4="></latexit>

<latexit sha1_base64="U8Mq87rKaD935RVSNZdZ4gVeHyQ="></latexit>

<latexit sha1_base64="5pGKh0Kh2GqTRcauZLwn9JCYp/Y="></latexit>

<latexit sha1_base64="5pGKh0Kh2GqTRcauZLwn9JCYp/Y="></latexit>

<latexit sha1_base64="5pGKh0Kh2GqTRcauZLwn9JCYp/Y="></latexit>

<latexit sha1_base64="/b8KW4L7OThp3CoolX9X+osVKZU="></latexit>

<latexit sha1_base64="5pGKh0Kh2GqTRcauZLwn9JCYp/Y="></latexit>

<latexit sha1_base64="npgCp6zgIF4GUS2dn6ABrfHx/bI="></latexit>

<latexit sha1_base64="ZOg6jh9uh05ttpcfHfldAAMSiSQ="></latexit>

<latexit sha1_base64="7+lucWFhJR+HSjclAA0Yb5mP88M="></latexit>

<latexit sha1_base64="o9yYeoDgANMt6DrpOFay0A5u3AA="></latexit>

<latexit sha1_base64="5pGKh0Kh2GqTRcauZLwn9JCYp/Y="></latexit>

<latexit sha1_base64="o9yYeoDgANMt6DrpOFay0A5u3AA="></latexit>

<latexit sha1_base64="o9yYeoDgANMt6DrpOFay0A5u3AA="></latexit>

<latexit sha1_base64="o9yYeoDgANMt6DrpOFay0A5u3AA="></latexit>

<latexit sha1_base64="5pGKh0Kh2GqTRcauZLwn9JCYp/Y="></latexit>

<latexit sha1_base64="o9yYeoDgANMt6DrpOFay0A5u3AA="></latexit>

<latexit sha1_base64="o9yYeoDgANMt6DrpOFay0A5u3AA="></latexit>

+

+ + + ...

<latexit sha1_base64="oYDoh2a02TNvVsKvJN5Dvn4BHmc=">AAACoXichVG7SgNBFD2u73dUEMFmMShWYSKCIiiCjXZJNA9IJOyuE7O4L2YnAY3+gD9gYWXAQuIX2Nr4AxZ+glgq2Fh4d7MgGtQ7zMyZM/fcOcPVPcv0JWNPXUp3T29f/8Dg0PDI6Nh4bGIy57s1YfCs4VquKOiazy3T4VlpSosXPME1W7d4Xj/aCu7zdS5803X25LHH923t0DErpqFJosqx6ZKtyaqwG3JPnJU84R6oaXVdLc fiLMHCUDtBMgJxRJFyY3co4QAuDNRgg8OBJGxBg0+jiCQYPOL20SBOEDLDe44zDJG2RlmcMjRij2g9pFMxYh06BzX9UG3QKxZNQUoV8+yR3bBX9sBa7Jl9/FqrEdYIvBzTrre13CuPn8/svv+rsmmXqH6p/vQsUcFq6NUk717IBL8w2vr6ycXr7lpmvrHAmuyF/F+xJ3ZPP3Dqb8Z1mmcu//Cjk5ewSoCoTcmfTekEuaVEknB6Ob65ETVsALOYwyJ1ZQWb2EYKWXrlFE20cKvElR0lpWTaqUpXpJnCt1CKn8Xkmbc=</latexit>

注:
<latexit sha1_base64="WWTnu8rNRSnaLMIya3g6yc5ApgY="></latexit>

<latexit sha1_base64="EAIqA1OORC8xnA2FKadDmgVuZ/4="></latexit>

<latexit sha1_base64="cmp8aJWgpNl0PzpCQzzPBlQsHYw="></latexit>

 ...

<latexit sha1_base64="19TEmi79boCGRayAtqTXLh65Te0="></latexit>

<latexit sha1_base64="ZmJz+9hwVlIqSoO49dQGJOpBP9k="></latexit>

:# of graphs

H.-Y. Lee, R. Kanako, T.O. and N. Kawashima, PRL 123, 087203 (2019)



Loop gas state (LGS) : ほぼキタエフスピン液体
等方的なキタエフ模型に対応する単純なvortex free状態

<latexit sha1_base64="PLbYnl2wyXjTl9jmYZaUmXEfx4w="></latexit>

(1,1,1) 方向に揃った強磁性状態

<latexit sha1_base64="5gbO9cY4lCCZw1hOcrAmczdTUNY="></latexit>

<latexit sha1_base64="fWqO2LGaLc/mVAyJ4LDcQ7ogyi8="></latexit>

D=2, iTPS 

<latexit sha1_base64="iGoO2UUsxY3zAvBhwG/e0/0mJCM="></latexit>

H.-Y. Lee, R. Kanako, T.O. and N. Kawashima, PRL 123, 087203 (2019)

Q と |111>の対称性よりLGSは
• 格子の並進 
• C6 格子の回転（+ スピン回転） 
• 反転＋時間反転

対称性：

磁性：
Vortex free 条件により、LGS は必ず非磁性

LGSはキタエフスピン液体と定性的に同じ状態！

に関して対称

臨界性：
波動関数の内積＝2d イジングの臨界普遍性を持つ分配関数と一致

＊重要な長距離の量子相関はLGSだけで記述できている



局所励起による系統的な改善

<latexit sha1_base64="B8x7BCltld7WHGgehROinPXWhhI="></latexit>

n次のstring gas state (SGS)

<latexit sha1_base64="CGcnN6HNptuSgunE907+35bCVfE="></latexit>

：変分パラメタ

•  は  iTPS.|ψn⟩ D = 2n

Exact
D 2 4 8

# of 
parameters

0 1 2
E/J -0.16349  -0.19643  -0.19681  -0.19682  

ΔE/Eex 0.17 0.002 0.0007 -

<latexit sha1_base64="5Qb/LsEo95dpbmpA1zYQW0ILSz0=">AAACsHichVG7SiRBFD32+l4f45oImzQOI0bDHRF8gCAYuMEG6jg64EhT3ZZjab/orhnQ0R9wP2CDjXZhAzHaVEMTf8DAT5ANXdjEwNs9LWKg3qKqTp2659Yprh26KtZEtx3Gh86u7p7evv6PA4NDw7mRTxtx0IgcWXECN4iqtoilq3xZ0Uq7shpGUni2Kzftg6XkfrMpo1gF/ro+DOW2J+q+2lWO0ExZucJxLYyVRbVI+HVXmgvmcc0Tei/yWl+XyycZbeXyVJxLw2yDmekMzJXMUpHSyCOLlSB3gRp2EMBBAx4kfGjGLgRiHlsogRAyt40WcxEjld5LnKCftQ3OkpwhmD3gtc6nrYz1+ZzUjFO1w6+4PCNWmijQDZ3RPV3TOd 3Rw6u1WmmNxMsh73ZbK0Nr+HSs/P9dlce7xt6z6k3PGruYTb0q9h6mTPILp61vHn2/L8+vFVoT9Iv+sv+fdEtX/AO/+c/5vSrXfrzhx2YvaZUEcZueemG+DjamiiXGq9P5xdmsYb34jHFMcldmsIgvWEGFX/mGP7jApTFlVA3LEO1UoyPTjOJFGPuPtnWg3Q==</latexit> <latexit sha1_base64="FsSOBLRzWV/lDt7HmBTkGr05vnQ="></latexit> <latexit sha1_base64="win7U/ct4AKxMxdb3ItB7Ici4U8="></latexit>

たった二つの変分パラメタで、非常に精密なエネルギーを得ることができる。

(H.-Y. Lee, R. Kanako, T.O. and N. Kawashima, PRL 123, 087203 (2019))

3

It indicates that the norm of | 0i is exactly mapped
into the partition function of the critical classical model
which guarantees the criticality of | 0i[35]. In addition,
the Ising conformal field theory (CFT) with the central
charge c = 1/2 is known to characterize the critical LG
model[34], which is consistent with the KSL of KHM[36–
38].

The LG structure encoded in the ⌧ -tensor is useful in
describing the vortex excitation of the KSL. To see this,
we first note that the ⌧ -tensor is invariant under a gauge
transformation g = �̂

z, i.e. gii0gjj0gkk0⌧i0j0k0 = ⌧ijk, and
thus

gii0gjj0gkk0 |T
0
i0j0k0i = |T

0
ijk

i.

With a trivial gauge transformation I2 being a two-
dimensional identity matrix, they form a Z2 invariant
gauge group (IGG). String-like action of g on links would
twist the gauge fields[15] along the string and hence cre-
ate two vortices Ŵp = �1 at both ends as demonstrated
below:

,

where ±1 in the hexagon denotes Ŵp. One can explicitly
show[33] such creation and move of fluxes using Eq. (3).

Finally, we measure the KHM energy (per bond) of | 0i

and obtain E = �0.16349 which is rather higher than the
exact one EKitaev ' �0.19682[15]. Details in numerics
will be discussed later. By construction, the LG ansatz
| 0i made of zeroth order tensor satisfies most of the
physical constraints respected in the KSL [see SM for the
time-reversal and �Û� symmetries] but is energetically
far away from the exact solution. In what follows, we
present a simple but e↵ective TPO (D = 2) applied to
the LG ansatz which reduces the energy greatly without
violating the constraints. We refer to it as the dimer

gas (DG) operator.
Higher order tensors. The DG operator is defined by

R̂DG = tTr
Q

↵
R̂i↵j↵k↵ with

R̂ijk = ⇣ijk(�̂
x)i(�̂y)j(�̂z)k. (7)

Here, non-zero elements of ⇣-tensor are ⇣000 = 1 and
⇣100 = ⇣010 = ⇣001 = z with i, j, k = 0, 1, and z is a real(or
pure imaginary) variational parameter fixing the fugacity
of a dimer. In this context, the dimer denotes the opera-
tor Ĥ�

↵�
. Then, the DG operator can be interpreted as a

sum of all possible dimer configurations, i.e., R̂DG(z) =P
G2�D

R̂G(z) where R̂G(z) =
N

h↵�i�2G
(zĤ�

↵�
) is de-

fined for each dimer configuration G, and �D is the set

of all dimer configurations:

.

(8)

Due to [Ĥ�

↵�
, Ŵp] = 0, it is obvious that R̂G commutes

with Ŵp for any G, and hence R̂DG does; [R̂DG, Ŵp] = 0.

In fact, we can easily prove [R̂DG, Q̂LG] = 0 and that
the DG operator respects all symmetries of the KSL [33].
Therefore, its multiplication to | 0i does not contaminate
the features of the KSL regardless of z. Moreover, it
can be expressed as the polynomial function of the KHM
Hamiltonian, which may be the reason why it improves
the energy of the ansatz quite e�ciently. The first key
observation is that we can graphically represent Eq. (1)
raised to the n-th power as the linear combination of
elements of �D as

Here, the number of sites in the system is assumed to
be 2N . The terms grouped with a coe�cient ↵0 are the
fully-packed configurations while the second ones are con-
figuration with N � 2 dimers. The terms on the second
line have q-mers longer than dimer, e.g. trimer Ĥx

↵�
Ĥ

y

��
.

All those terms with q-mers are canceled by the anticom-
mutativity of Pauli matrices, and thus � = 0. Note that
the configurations with the same number of dimers share
the coe�cient which resembles the R̂DG. Then, one can
recast it as R̂DG =

P
M

hMĤ
N�2M with proper coe�-

cients hM . Note that our approach is not a perturbative
one[39].
Now, we define the n-th order ansatz as | n({zi})i =Q
n

i=1 R̂DG(zi)| 0i having n complex variational param-
eters. Due to the application of the DG operator, the
ansatz | ni can be interpreted as a string gas state which
is a linear superposition of string configurations. The
string configuration consists of open and closed strings,
connected loops and string-connected loops as depicted
in Fig. 2. The building block tensor of | ni, referred to as
the n-th order tensor, is obtained by applying the R̂ijk-
operator n-times on the zeroth order tensor in Eq. (4).
The bond dimension scales as D = 2n+1. Note that the
LG feature or ⌧ -tensor in the zeroth tensor is inherited by
all higher order tensors. Furthermore, the R̂ijk-operator
is invariant only under the trivial gauge transformation,
and thus its action does not enlarge the Z2 IGG of which
the non-trivial element is simply gn = I2n ⌦ �̂

z. In con-
trast to the zeroth order case, the norm of | ni does not

 は"局所" ダイマー励起を導入R̂DG

• 重要な長距離のエンタングルメントは（単純な）テンソルネットワークで表現できる。 
• 短距離の相関を考えることでエネルギーは大幅に改善される。

量子・古典エンタングルアプローチが成功する可能性あり

: local dimer

 determines density of the dimers
<latexit sha1_base64="CGcnN6HNptuSgunE907+35bCVfE="></latexit>

・LGSの量子回路表現は簡単か？ 
・NISQによる小さい系での最適化が大きな系に拡張できるか？

課題



LG演算子のisometric TN 表現

<latexit sha1_base64="PLbYnl2wyXjTl9jmYZaUmXEfx4w="></latexit>

Q̂LG = ⋯

LGS は演算子 QLG により生成

<latexit sha1_base64="Q1yyuOHnY94tWSGEq2mzUMnALJw="></latexit>

<latexit sha1_base64="GeBdsvXIfKYSrDYt1IZk+j1NyxU="></latexit>

<latexit sha1_base64="c2SbhQYU6fXUqUPH+9e5xe3Gov8="></latexit>

<latexit sha1_base64="mdN6ENvy0zxxoKY+E8JoeyGrkD0="></latexit>

<latexit sha1_base64="itf8JOCM3DmJhnPtXWU6sNRHkck="></latexit>

<latexit sha1_base64="oczxxW4q5+6lMb6/PWLltwvyux4="></latexit>

<latexit sha1_base64="U8Mq87rKaD935RVSNZdZ4gVeHyQ="></latexit>

<latexit sha1_base64="5pGKh0Kh2GqTRcauZLwn9JCYp/Y="></latexit>

<latexit sha1_base64="5pGKh0Kh2GqTRcauZLwn9JCYp/Y="></latexit>

<latexit sha1_base64="5pGKh0Kh2GqTRcauZLwn9JCYp/Y="></latexit>

<latexit sha1_base64="/b8KW4L7OThp3CoolX9X+osVKZU="></latexit>

<latexit sha1_base64="5pGKh0Kh2GqTRcauZLwn9JCYp/Y="></latexit>

<latexit sha1_base64="npgCp6zgIF4GUS2dn6ABrfHx/bI="></latexit>

<latexit sha1_base64="ZOg6jh9uh05ttpcfHfldAAMSiSQ="></latexit>

<latexit sha1_base64="7+lucWFhJR+HSjclAA0Yb5mP88M="></latexit>

<latexit sha1_base64="o9yYeoDgANMt6DrpOFay0A5u3AA="></latexit>

<latexit sha1_base64="5pGKh0Kh2GqTRcauZLwn9JCYp/Y="></latexit>

<latexit sha1_base64="o9yYeoDgANMt6DrpOFay0A5u3AA="></latexit>

<latexit sha1_base64="o9yYeoDgANMt6DrpOFay0A5u3AA="></latexit>

<latexit sha1_base64="o9yYeoDgANMt6DrpOFay0A5u3AA="></latexit>

<latexit sha1_base64="5pGKh0Kh2GqTRcauZLwn9JCYp/Y="></latexit>

<latexit sha1_base64="o9yYeoDgANMt6DrpOFay0A5u3AA="></latexit>

<latexit sha1_base64="o9yYeoDgANMt6DrpOFay0A5u3AA="></latexit>

Non zero elements:

局所テンソル

QLG ＝vortex free セクターへの射影演算子

<latexit sha1_base64="W682k5HZHC55Sa9dltWKkHJWjdg="></latexit>

1 2

3

45

6= 1

Wi = 1への射影演算子：

<latexit sha1_base64="IOTdH0oceO4YyPxSJKbuAwguCn0="></latexit>

この射影演算子は D=2 のテンソルネットワークで書ける

<latexit sha1_base64="e7S788hBjf0Z0GqQ70HK3SPLUO4="></latexit>

<latexit sha1_base64="6jwF2nZk7bcqAv+7xMMvPfHiqeY="></latexit>

全ての六角形で



LGSの量子回路表現

<latexit sha1_base64="e7S788hBjf0Z0GqQ70HK3SPLUO4="></latexit>

<latexit sha1_base64="6jwF2nZk7bcqAv+7xMMvPfHiqeY="></latexit>

射影演算子を量子ゲートで表現可能 Control state

control  
qubit

target  
qubit

|0> → 何もしない 
|1> → σを演算

注：この演算子はループ構造を持つため 
　　単純な量子回路では表現できない
しかし、例えば、以下のような測定を導入することで 
量子コンピュータ上でLGSを構築できる

もし |0>が測定されれ
ば系は

(|1>だと系は                   )

: このテンソルは"行列" としてみるとユニタリ
spin と virtual legに作用する行列

 かつ、コントロールパウリゲートと同一



ゲートの追加による局所励起の表現
変分エネルギー向上のため、ユニタリ演算子をかける

• この演算子はフラックス演算子と可換 → フラックスは変えない 
• 一方で、ハミルトニアンとは非可換 → エネルギーは変わる 
• 角度が純虚数の場合にはDG 演算子と酷似した構造

<latexit sha1_base64="GeBdsvXIfKYSrDYt1IZk+j1NyxU="></latexit>

<latexit sha1_base64="c2SbhQYU6fXUqUPH+9e5xe3Gov8="></latexit>

<latexit sha1_base64="mdN6ENvy0zxxoKY+E8JoeyGrkD0="></latexit>

<latexit sha1_base64="itf8JOCM3DmJhnPtXWU6sNRHkck="></latexit>

<latexit sha1_base64="oczxxW4q5+6lMb6/PWLltwvyux4="></latexit>

<latexit sha1_base64="U8Mq87rKaD935RVSNZdZ4gVeHyQ="></latexit>

<latexit sha1_base64="5pGKh0Kh2GqTRcauZLwn9JCYp/Y="></latexit>

<latexit sha1_base64="5pGKh0Kh2GqTRcauZLwn9JCYp/Y="></latexit>

<latexit sha1_base64="5pGKh0Kh2GqTRcauZLwn9JCYp/Y="></latexit>

<latexit sha1_base64="5pGKh0Kh2GqTRcauZLwn9JCYp/Y="></latexit>

<latexit sha1_base64="o9yYeoDgANMt6DrpOFay0A5u3AA="></latexit>

<latexit sha1_base64="5pGKh0Kh2GqTRcauZLwn9JCYp/Y="></latexit>

<latexit sha1_base64="o9yYeoDgANMt6DrpOFay0A5u3AA="></latexit>

<latexit sha1_base64="5pGKh0Kh2GqTRcauZLwn9JCYp/Y="></latexit>

<latexit sha1_base64="o9yYeoDgANMt6DrpOFay0A5u3AA="></latexit>

<latexit sha1_base64="76l5WcRaShB9p4cvze9aRiTIpdA="></latexit>

<latexit sha1_base64="hXiDU83DIYLpaOGzI2i5PV/zJq8="></latexit>

<latexit sha1_base64="qrJcrTO3paSOoWfHcCkot3kviRM="></latexit><latexit sha1_base64="v28wKHpGxIqLekH28hdYcVpqnVs="></latexit>

<latexit sha1_base64="5pGKh0Kh2GqTRcauZLwn9JCYp/Y="></latexit>

<latexit sha1_base64="5pGKh0Kh2GqTRcauZLwn9JCYp/Y="></latexit>

<latexit sha1_base64="5pGKh0Kh2GqTRcauZLwn9JCYp/Y="></latexit>

<latexit sha1_base64="wujF11inCiVgFG9Hi3Yqm4lFvOc="></latexit>



無限系での最適化
簡単のため、単層かつ対称的
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• 残念ながら、ユニタリゲートは全て
の角度でエネルギーを改善しない 
• 二層を考えても、改善はない 

• 仮に、DG演算子で純虚数に対応す
るパラメタを取ると、その場合もエ
ネルギーは（ほぼ）改善しない

ユニタリ性は局所励起を大幅に制限 
エネルギーの改善には 
・多層にしてパラメタ増 
・対称性を崩す 
が必要？

* 注：今のユニタリゲートは時間発展演算子の 
Szuki-Trotter decomposition になっている



ユニタリ性を外した場合の最適化

• 非ユニタリのゲートではエネルギーが改善 
• 最適なパラメタは無限系と24サイト系でほぼ同じ
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無限系 24-site クラスター

最適化の局所性の確認のため 
非ユニタリのゲートで最適化

i を取り除く

無限系での良い
量子状態を 

小さい系での最適化から 
構成できそう
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まとめ
• テンソルネットワークを用いると大きな量子状態を古典計算機で表現できる場合がある 

• エンタングルメントエントロピーのスケーリング（面積則）が大事 

• 良いテンソルネットワーク表現を得るためには、量子状態のエンタングルメントの性質
を捉える必要がある 

• ネットワーク構造を決めると、表現できる量子エンタングルメントが決まる 

• テンソルネットワーク分解は量子状態以外にも様々な場面で使える 

• 原理的には、任意のテンソル型データに適用可能 

• 量子状態とは異なり、テンソルネットワークに適したエンタングルメント構造を
持っているかは非自明 

• 量子物性への応用ではテンソルネットワークはとても強力 

• それでもまだ難しい問題があり、量子コンピュータの活用が期待される 

• テンソルネットワークと量子コンピュータを高度に融合するアルゴリズムの可能性



テンソルネットワークについて思うこと

数理科学 2022年2月号「テンソルネットワークの将来」

• テンソルネットワーク表現の利点 
• テンソルネットワーク表現とデータ科学 
• テンソルネットワークを通した理解 
• テンソルネットワークの最適化と表現能力 
• 量子コンピュータによるテンソルネットワーク計算

今後の展開につながるキーワード


